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REALISING END INVARIANTS BY LIMITS OF MINIMALLY
PARABOLIC, GEOMETRICALLY FINITE GROUPS
KEN’ICHI OHSHIKA
Abstract. We shall show that for a given homeomorphism type and a set of
end invariants (including the parabolic locus) with necessary topological con-
ditions which a topologically tame Kleinian group with that homeomorphism
type must satisfy, there is an algebraic limit of minimally parabolic, geometri-
cally finite Kleinian groups which has exactly that homeomorphism type and
end invariants. This shows that the Bers-Sullivan-Thurston density conjecture
follows from Marden’s conjecture proved by Agol, Calegari-Gabai combined
with Thurston’s uniformisation theorem and the ending lamination conjecture
proved by Minsky, partially collaborating with Masur, Brock and Canary.
1. Introduction
A Kleinian group is said to be geometrically finite when the corresponding hy-
perbolic 3-orbifold has a convex core which has finite volume. It was conjectured
by Bers in [3] that every b-group, i.e. a Kleinian group with a unique simply-
connected invariant component in the domain of discontinuity, is an algebraic limit
of quasi-Fuchsian group. The conjecture was generalised by Sullivan and Thurston
to the one saying that every finitely generated Kleinian group is an algebraic limit
of quasi-conformal deformations of a geometrically finite group. This generalised
conjecture is called the Bers-Sullivan-Thurston density conjecture today. The orig-
inal conjecture of Bers was solved by Bromberg [14] using deformations of cone
manifolds and Minsky’s solution of the ending lamination conjecture for hyperbolic
3-manifolds with bounded geometry in [37] and [38] which was prior to the solution
of the general case. (A hyperbolic manifold is said to have bounded geometry if
there is a positive lower bound for the lengths of the closed geodesics.) This result
is then generalised to freely indecomposable Kleinian groups in Brock-Bromberg
[11]. The purpose of the present paper is to prove this density conjecture in gen-
eral, including the case of freely decomposable Kleinian groups. Before explaining
what is the difficulty in the freely decomposable case, we shall review the ending
lamination conjecture and its resolution, on which our proof of the main result
depends.
The ending lamination conjecture, which is due to Thurston and has been one
of the most famous conjectures in the modern Kleinian group theory, says that
every topologically tame hyperbolic 3-manifold is determined up to isometries by
its homeomorphism type and end invariants consisting of the conformal structures
at infinity and the ending laminations. Here a hyperbolic 3-manifold is said to be
topologically tame when it is homeomorphic to the interior of a compact 3-manifold.
We shall explain what the end invariants are more in details. Let M = H3/Γ be a
topologically tame hyperbolic 3-manifold, andM0 its non-cuspidal part. We choose
a compact core C such that for each component T of ∂M0, the intersection C ∩ T
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is a core of T , and each component of M \ C is a product open-interval bundle
over a component of FrC. We shall call such a compact core nice. For a nice
compact core C, we see that (C,C ∩ ∂M0) has a structure of a pared manifold.
Each component of ∂C \ P faces an end of M0. The ends of M0 have invariants as
follows. If an end of M0 is geometrically finite, i.e. has a neighbourhood containing
no closed geodesics, then there is a component of the quotient ΩΓ/Γ of the region
of the discontinuity which can be regarded as the points at infinity of the end, and
its marked conformal structure constitutes an invariant for the end. When an end
is geometrically infinite, it has an invariant called the ending lamination, which is
represented by a measured lamination contained in the Masur domain of the frontier
component of C facing the end, determined uniquely up to transverse measures if
we fix a marking on the frontier component. (The marking of FrC is not uniquely
determined by the marking of M when FrC has a compressible component.) The
ending lamination conjecture says that these pieces of information, the parabolic
locus, the marked conformal structure for the geometrically finite ends and the
ending laminations for the geometrically infinite ends both up to the action of the
auto-diffeomorphisms of the frontier component homotopic to the identity in C,
together with the homeomorphism type, are sufficient to determine the isometry
type of the hyperbolic 3-manifold.
The first essential contribution to solving the ending lamination conjecture was
due to Minsky [37], [38] for hyperbolic 3-manifolds with freely indecomposable
fundamental groups and bounded geometry. After some work on the unbounded
geometry case in special situations as in Minsky [39] and [40], the conjecture for
the general case when hyperbolic manifolds may have unbounded geometry was
finally solved in Minsky [41] and Brock-Canary-Minsky [12] based on the work on
the geometry of the curve complex developed in Masur-Minsky [33], [34]. Although
Brock-Canary-Minsky [12] only contains a proof for freely indecomposable case, it
can be generalised to freely decomposable case, as was written in the first section
of [12], using the technique of constructing negatively curved metric on branched
covers due to Canary [16]. This method in the case of manifolds with bounded
geometry corresponding to [37] was explained in [51] and its generalisation to the
case of manifolds having the same end invariants as those with bounded geometry,
corresponding to [40], was sketched in Ohshika-Miyachi [56].
For the Bers-Sullivan-Thurston density conjecture in the freely decomposable
case, it is first necessary to show that every finitely generated Kleinian group is
topologically tame so that ending laminations can be defined. This is exactly
what Marden’s tameness conjecture says, which was recently solved by Agol and
Calegari-Gabai independently ([2], [15]). Once Marden’s conjecture is solved, to
show that every (finitely generated and torsion-free) Kleinian group is a limit of
quasi-conformal deformations of a geometrically finite group, using the resolution
of the ending lamination conjecture by Brock-Canary-Minsky, what we need to
do is to prove that any possible system of a homomorphism type, a parabolic
locus, and end invariants can be realised in a Kleinian group which is a limit of
minimally parabolic geometrically finite groups. In the case of freely decomposable
groups, this consists of two main steps. The first step is to provide a convergence
theorem for freely decomposable group generalising results of Kleineidam-Souto
[29], Lecuire [32] and Ohshika [55], in the last of which we only dealt with Kleinian
groups without parabolic elements. The second step is to show that the limit group
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obtained by the convergence theorem has the desired properties. This in particular
necessitates to show that the support of an arational measured lamination contained
in the Masur domain, which we know to be unrealisable, is homotopic in M to an
ending lamination. This latter step was easy for the freely indecomposable case by
work of Thurston and Bonahon, but in our general case, the argument is rather
complicated.
We note that Namazi and Souto also have also given a proof of this latter step in
[47], and have proved the Bers-Sullivan-Thurston density conjecture independently
of our work.
We now state in the form of a theorem an affirmative solution of the Bers-
Sullivan-Thurston density conjecture for general (topologically tame) Kleinian groups
as explained above.
Theorem 1.1. Let Γ be a finitely generated, torsion-free Kleinian group. Then
there is a geometrically finite Kleinian group G without infinite cyclic maximal
parabolic subgroups such that Γ is an algebraic limit of quasi-conformal deformations
of G.
Kleinian groups without infinite cyclic parabolic groups are sometimes called
minimally parabolic, as in our title. It should be noted that minimally parabolic
geometrically finite groups are convex cocompact unless they have rank-2 abelian
subgroups.
This theorem is derived as a corollary from the main theorem of the present
paper, which we shall state below, combined with the solution of the ending lam-
ination conjecture and Thurston’s uniformisation theorem for compact atoroidal
3-manifolds with boundary (see for instance [42]). Before stating the theorem for-
mally, we summarise what the theorem says. We consider a geometrically finite
Kleinian group G and a nice core C of (H3/G)0. We give on non-torus components
of ∂C a union P of disjoint non-parallel essential simple closed curves such that
(C,P ) is a pared manifold, and on each non-torus component of ∂C \ P either a
conformal structure or a arational measured lamination contained in the Masur do-
main, with some conditions which are evidently necessary to make them a parabolic
locus and end invariants. Then what we shall claim in the theorem is that there is a
topologically tame Kleinian group Γ which is an algebraic limit of quasi-conformal
deformations of G such that (H3/Γ)0 has P as the parabolic locus and the given
conformal structures and laminations as end invariants under the natural marking.
Theorem 1.2. Let G be a torsion-free geometrically finite Kleinian group with-
out infinite cyclic maximal parabolic subgroups. Let C be a nice compact core of
(H3/G)0. Let T denote the union of the torus components of ∂C. Let P be a
disjoint union of annular neighbourhoods of essential simple closed curves on ∂C
such that (C,P ∪ T ) is a pared manifold. Let Σ1, . . . ,Σm be the components of
∂C \ (P ∪T ). Among Σ1, . . . ,Σm, suppose that on each Σj with j = 1, . . . , n (possi-
bly n = 0), a marked conformal structure mj making the components of the frontier
punctures is given, and that on each Σj with j = n+1, . . . ,m (possibly m = n), an
arational measured lamination µj contained in the Masur domain of Σj is given.
When (C,P ) is a trivial I-bundle (as a pared manifold) and n = 0, we further
assume that the supports of µ1 and µ2 are not homotopic in C. When (C,P ) is a
twisted I-bundle and n = 0, we further assume that µ1 is not a lift of a measured
lamination in the base space of the I-bundle, which is a non-orientable surface.
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Then there is a sequence of quasi-conformal deformations Gi of G with isomor-
phisms φi : G → Gi converging algebraically to an isomorphism ψ : G → Γ to a
topologically tame Kleinian group Γ such that (H3/Γ)0 has a nice compact core C
′
with a homeomorphism Φ : C → C′ inducing φ between the fundamental groups,
such that
(i) Φ(P ∪T ) coincides with the parabolic locus of C′ regarded as a pared man-
ifold,
(ii) the end of (H3/Γ)0 facing Φ(Σj) with j = 1, . . . , n is geometrically finite
and has marked conformal structure at infinity equal to the one represented
by Φ∗(mj),
(iii) and the end of (H3/Γ)0 facing Φ(Σj) with j = n+1, . . . ,m is geometrically
infinite with ending lamination represented by Φ(µj).
We should note that this theorem can be also regarded as a generalisation of the
main theorem of Ohshika [52], where we generalised Maskit’s theorem in [35] on
function groups to one on general geometrically finite groups.
The proof of this theorem will proceed as follows. We shall first construct quasi-
conformal deformations (Gi, φi) of G so that the conformal structure at infinity of
H3/Gi restricted to Σj converges to mj for j = 1, . . . , n and diverges towards [µj ] in
the Thurston compactification of the Teichmu¨ller space for j = n+1, . . .m, and the
length of µj with respect to the hyperbolic metric compatible with the conformal
structure mj is bounded. The first of the two main steps is to show that such a
sequence of quasi-conformal structures converges algebraically after passing to a
subsequence. The proof of this fact relies on work of Otal [57], Kleineidam-Souto
[29] and a more recent result of Lecuire [32] on the extension of the Masur domain.
The second main step is to show that the limit group has properties as we
wanted. It follows from results in Ohshika [54], Brock-Souto [13] (or the general
solution of Marden’s conjecture) that the limit Γ is topologically tame, and using
some geometric argument, we can show that the µj cannot be realised there. A most
difficult part of the second step is to show that (the images by a homeomorphism
from H3/G to H3/Γ of) the µj actually represent ending laminations. (Proposition
6.5.) Section 6 will be entirely devoted to the proof of this fact.
2. Preliminaries
Throughout this paper, Kleinian groups are assumed to be finitely generated and
torsion free except for the case when we consider geometric limits, which may be in-
finitely generated. Similarly, we always consider hyperbolic 3-manifolds with finitely
generated fundamental groups except for geometric limits. For a Kleinian group
G, we consider the corresponding hyperbolic 3-manifold MG = H
3/G. Throughout
this paper, we use the symbol M with the name of a Kleinian group added as a
subscript to denote the corresponding hyperbolic 3-manifold. For a constant ǫ > 0
less than the three-dimensional Margulis constant, we define the non-cuspidal part,
denoted by (MG)0, to be the complement of the ǫ-cusp neighbourhoods ofMG, that
is, neighbourhoods of cusps consisting of points where the injectivity radii are less
than ǫ/2.
Since G is assumed to be finitely generated, by Scott’s core theorem [60], there is
a compact 3-manifold CG, which we call a compact core, embedded inMG such that
the inclusion from CG to MG is a homotopy equivalence. When G has parabolic
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elements, it is more convenient to consider a relative compact core of the non-
cuspidal part (MG)0, whose existence was proved by McCullough [36]. A relative
compact core intersects the boundary of the non-cuspidal part at tori corresponding
to Z × Z-cusps and annuli which are cores of open annulus corresponding to Z-
cusps, one annulus for each Z-cusp. The intersection with the boundary of the
non-cuspidal part induces a structure of pared manifold on a relative compact core,
which we shall explain below.
A Kleinian group G and the corresponding hyperbolic 3-manifold MG are said
to be topologically tame when MG is homeomorphic to the interior of a compact
3-manifold. In this case, we can choose a relative compact core CG so that each
component E of MG \ CG is homeomorphic to F × R, where F is the component
of FrCG contained in the closure of E. As was mentioned in Introduction, we call
such a compact core nice.
Following Thurston, we call a pair (C,P ) of a compact irreducible 3-manifold
and a subsurface of its boundary a pared manifold when
(i) P consists of disjoint incompressible tori and annuli,
(ii) every incompressible (i.e. π1-injective) map from a torus to C is homotopic
into P ,
(iii) and every incompressible map (S1 × I, S1 × ∂I) → (C,P ) is relatively
homotopic to a map into P .
The subsurface P above is called the paring locus. When we consider a pared
manifold which is a relative compact core of the non-cuspidal part of a hyperbolic
3-manifold, we call its paring locus the parabolic locus.
A compression body W is a connected 3-manifold obtained from finitely many
product I-bundles S1× I, . . . , Sm× I over closed surfaces which are not spheres by
attaching 1-handles to ∪Sk × {1}. We assume that there is at least one 1-handle;
hence we do not regard a product I-bundle as a compression body. Exceptionally
handlebodies are also regarded as compression bodies. The union of the Sk × {0},
called the interior boundary, is denoted by ∂iW , and the remaining boundary com-
ponent coming from Sk × {1}, which is called the exterior boundary, is denoted
by ∂eW . We use the same symbols ∂e and ∂i to denote the unions of the exterior
boundaries and the interior boundaries respectively for a disjoint union of compres-
sion bodies. For a compact irreducible 3-manifold C, there exists a submanifold V
which is a disjoint union of compression bodies such that V ∩∂C = ∂eV is the union
of compressible boundary components of C, and each component of ∂iV (unless it
is empty) is either an incompressible surface in IntC which is not parallel into ∂C
or an incompressible boundary component of C. Such a manifold is unique up to
isotopy and is called the characteristic compression body of C. If V is a character-
istic compression body of C, then every incompressible (i.e. π1-injective) map from
a closed surface to C is homotoped into (C \ V ) ∪ ∂iV . The closure of C \ V is
a (possibly empty) boundary-irreducible manifold and none of its components are
product I-bundles unless C itself is a product I-bundle. These facts are proved by
Bonahon [6], to which we refer the reader for further details.
Let S be a hyperbolic surface, possibly with geodesic boundary. A geodesic lam-
ination on S is a closed set disjoint from ∂S consisting of disjoint simple geodesics.
A measured lamination is a geodesic lamination with a holonomy-invariant trans-
verse measure. We always assume that the support of the measure is the entire
lamination. For a measured lamination µ, its support is denoted by |µ|. The space
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of measured laminations with the weak topology on transverse arcs is denoted by
ML(S). The projective lamination space is (ML(S) \ {∅})/R+, where the action
of R+ is that of scalar multiplication of the transverse measures, and is denoted
by PML(S). Thurston defined a compactification of the Teichmu¨ller space T (S)
whose boundary is identified with PML(S). When S has boundary, we define its
Teichmu¨ller space to be the space of marked hyperbolic structures with respect to
which the lengths of the boundary components are constant. We sometimes say
that mi ∈ T (S) diverges towards λ ∈ PML(S) when {mi} converges to λ in the
Thurston compactification.
A geodesic lamination is said to be arational when every component of its com-
plement is either simply connected, or an annulus around a cusp or a boundary
component. An arational measured lamination is always minimal, i.e., it does not
have a proper sublamination. We say that a measured lamination is maximal when
it is not a proper sublamination of another measured lamination. Arational mea-
sured laminations are always maximal.
Consider a compact 3-manifold C and an essential subsurface S contained in a
component of ∂C. We assume that no boundary components of S are meridians
(i.e. boundaries of compressing discs). In the measured lamination space ML(S),
we define the following subsets. First, we set WC(S) to be the subset of ML(S)
consisting of disjoint weighted union of meridians lying on S. Except for the case
when S has only one isotopy class of compressing discs, we define the Masur domain
of S by
M(S) = {λ ∈ ML(S) | i(λ, ν) > 0 for any ν ∈ WC(S)},
where WC(S) denotes the closure of WC(S) in ML(S). When S has only one
isotopy class of compressing discs, we define the Masur domain by
M(S) = {λ ∈ML(S) | i(λ, ν) > 0, for any ν that is
disjoint from a meridian }.
We note that M(S) coincides with the entire measured lamination space if S is
incompressible.
We need to define another domain in ML(∂V ) =ML(∂eV ) ∪ML(∂iV ) larger
than the Masur domain when V is a compression body, following Lecuire [32]. For
a compression body V , we set
D(V ) = {λ ∈ML(∂V ) | there exists η > 0 such that i(λ, ∂D) > η
for any compression disc and any essential annulus D}.
The subspacesWC(S),M(S) and D(V ) are all invariant under scalar multiplica-
tion. We put P to denote their images in the projective lamination space PML(S)
or PML(∂V ) .
The subgroup of the mapping class group of S consisting of classes of diffeo-
morphisms homotopic to the identity in V is denoted by Mod0(V ). This group
Mod0(V ) acts on PM(S) properly discontinuously, and the limit set of Mod0(V )
in PML(S) is equal to PWC(S). (Refer to Otal [57].)
We let V˜ be the universal cover of V and S˜ the preimage of S lying on ∂V˜ . We
fix a hyperbolic metric on S, which induces one on S˜. Let l be a leaf of a geodesic
lamination µ on S. Consider a lift l˜ : R → S˜ of l. We say that l is homoclinic
if there are sequences of points {si}, {ti} on R such that |si − ti| → ∞ whereas
dS˜(l˜(si), l˜(ti)) is bounded above.
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We need to use the following lemma of Otal [57]. (This is contained in the proof
of Proposition 2.10 of [57]. Kleineidam-Souto stated this as Lemma 4 in [29].)
Lemma 2.1. The support of a measured lamination contained in M(S) cannot be
extended to a geodesic lamination with a homoclinic leaf.
For a hyperbolic 3-manifold M , there exists a unique minimal convex submani-
fold that is a deformation retract. Such a submanifold is called the convex core of
M . When the convex core of MG is compact, G is said to be convex cocompact,
and when the convex core has finite volume, G is said to be geometrically finite.
More generally, for a hyperbolic 3-manifold M , an end of M0 is said to be
geometrically finite when it has a neighbourhood intersecting no closed geodesics.
By the resolution of Marden’s conjecture, we can take a nice compact core C of M0
so that each end e has a neighbourhood homeomorphic to Σ× R for a component
Σ of FrC facing e. Suppose that e is geometrically infinite. By Proposition 10.1 in
Canary [17], there is a sequence of closed geodesics c∗k tending to e such that c
∗
k is
homotopic in Σ× [0,∞) to a simple closed curve ck such that {rkck} converges to
a measured lamination µ in M(Σ) for some rk ∈ (0,∞). In this situation, we say
that µ represents the ending lamination of e. Actually the transverse measure is
irrelevant for the ending lamination. The geodesic lamination which is the support
of a measured lamination representing the ending lamination is called the ending
lamination of e.
A pleated surface is a map f : S →M from a hyperbolic surface to a hyperbolic
3-manifold taking a puncture or a boundary component to a cusp such that for
any point x ∈ S, there is a geodesic on S passing through x which is mapped to
a geodesic in M , and the length metric on S induced by f from M coincides with
that induced from the hyperbolic metric on S. When we consider a component S of
∂C \P for some pared manifold (C,P ), we always assume that pleated surfaces map
frontier components of S to cusps of M . In some situation, we need to consider
a pleated surface taking each boundary component to a closed geodesic. We call
such a pleated surface a pleated surface with boundary. A geodesic lamination λ
on S is said to be realised by a pleated surface f when f |λ is totally geodesic.
The following dichotomy for measured laminations in the Masur domain was
proved by Otal [57]. See Section 2, above all, The´ore`me 2.2 of [57].
Lemma 2.2. Let (C,P ) be a pared manifold and S a component of ∂C\P . Consider
a map g : S →M to a hyperbolic 3-manifold M sending the frontier of S to cusps
of M . Let λ be a measured lamination contained in the Masur domain of S. Then
one and only one of the following holds:
(i) either λ is realised by a pleated surface homotopic to g keeping the frontier
mapped to cusps,
(ii) or for any sequence of weighted simple closed curves {rkck} on S converg-
ing to λ, the closed geodesics c∗k freely homotopic to g(ck) tend to an end
of M0 after passing to a subsequence.
For a geodesic or measured lamination λ on ∂C, a subsurface of ∂C containing
λ without boundary components null-homotopic on ∂C which is minimal up to
isotopies is called the minimal supporting surface of λ and is denoted by T (λ). In a
special case when λ is a (weighted) simple closed curve, we define its minimal sup-
porting surface to be its annular neighbourhood. The minimal supporting surface
is unique up to isotopy.
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We shall next define for two geodesic laminations on the boundary of a 3-manifold
to be isotopic. In contrast to the case of simple closed curves, we need to take
more care since without specifying surfaces on which lamination lie, the meaning of
isotopy for laminations is not so clear. Two disjoint minimal geodesic laminations
λ1, λ2 on ∂C are said to be isotopic when there is a sequence of properly embedded
essential annuli Aj such that ∂Aj converges in the Hausdorff topology to a geodesic
lamination on T (λ1) ∪ T (λ2) containing λ1 ∪ λ2 as j → ∞. In the case when no
boundary component of T (λ1) and T (λ2) are meridians, this definition of isotopic
laminations implies that they lie on homotopic minimal supporting surfaces as we
shall see below.
Lemma 2.3. Let λ1 and λ2 be two disjoint minimal geodesic laminations on ∂C
which are isotopic. Suppose that no boundary component of T (λ1) and T (λ2) is a
meridian. Suppose moreover that λi is contained the Masur domain of T (λi) for
i = 1, 2. Then the following hold.
(i) The minimal supporting surfaces T (λ1), T (λ2) of λ1 and λ2 are both in-
compressible in C.
(ii) T (λ1) is homotopic to T (λ2) in C.
Proof. (i) Suppose that T (λ1) is compressible seeking a contradiction. Let {Aj}
be a sequence of essential annuli whose intersection with ∂C converge to λ1 ∪
λ2 in the Hausdorff topology. As was shown in Morgan-Shalen [45], there is an
incompressible branched surface B properly embedded in C which carries all the
annuli Ai. Moreover, it was shown there that such a branched surface can be
chosen so that B ∩ ∂C ⊂ T (λ1) ∪ T (λ2), and B = τ × I for some train track
τ such that τ × {0} carries λ1 and τ × {1} does λ2. By choosing a train track
approximating λ1 closely enough and removing branches redundant for carrying
λ1, we can make B carry no compressing discs for T (λ1) since λ1 is contained in
the Masur domain. Since B is both incompressible and boundary-incompressible,
by the standard cut-and-paste argument (which uses discs and semi-discs) starting
from some compressing disc for T (λ1), we see that we can reduce the intersection
with B, and finally there must be a compressing disc D contained in T (λ1) disjoint
from B. Since λ1 is arational in T (λ1) and carried by B, this is possible only
when such a disc is isotopic to a boundary component of T (λ1). This contradicts
our assumption, and we have thus shown that T (λ1) is incompressible. The same
argument works for T (λ2).
(ii) By (i), we know that both T (λ1) and T (λ2) are incompressible. We can
assume that they are disjoint by moving their boundaries slightly by an isotopy
if they intersect each other at their boundaries since λ1 and λ2 are assumed to
be disjoint. We can then apply the Jaco-Shalen-Johannson theory ([26], [27]) to
(C, T (λ1) ∪ T (λ2)) to obtain a characteristic I-pair (Σ,Φ) properly embedded in
(C, T (λ1)∪T (λ2)) such that any essential annulus properly embedded in (C, T (λ1)∪
T (λ2)) is properly homotopic into (Σ,Φ). Since λ1 is arational in T (λ1) and there
is an essential annulus whose intersection with T (λ1) approximates λ1 arbitrarily
closely, we see that Φ∩T (λ1) must be isotopic to T (λ1). The same holds for T (λ2).
Since Σ is an I-bundle, this means that T (λ1) and T (λ2) cobound a product I-
bundle in C. 
An R-tree is a geodesic metric space in which two points are connected by a
unique simple arc. An isometric action of a group G on an R-tree T is said to have
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small edge-stabilisers when for any non-trivial segment c of T , the stabiliser of c
is either a finite group or a finite extension of Z. Let S be a hyperbolic surface
of finite area, and suppose that there is an action of π1(S) on an R-tree T by
isometries. A geodesic lamination λ on S is said to be realised in T when there
is an equivariant map from the universal cover H2 of S to T which maps each
component of the preimages of the leaves of λ injectively. It was proved by Otal
[58] that if a measured lamination λ is realised, then there is a train track τ carrying
λ which is realised by the same equivariant map: that is, there is an equivariant
map from the universal cover τ˜ of τ such that every branch of τ˜ is mapped to a
non-degenerate segment and any train route is mapped locally injectively at every
switch of τ˜ .
For a Kleinian groupG, we define its deformation space to be the space of faithful
discrete representations of G into PSL2C modulo conjugacy. We endow this space
with the induced topology as a quotient space of the representation space with
the topology of point-wise convergence, and denote it by AH(G). We denote an
element of AH(G), which is a conjugacy class of representations, by a representation
φ : G→ PSL2C representing the conjugacy class or by a pair (Γ, φ), where Γ is the
Kleinian group φ(G) ⊂ PSL2C. The quasi-conformal deformations of G modulo
conjugacy form a subspace of AH(G), which is denoted by QH(G).
A sequence of Kleinian groups {Gi} is said to converge geometrically to a
Kleinian group H if every element of H is the limit of a sequence {gi} for gi ∈ Gi,
and the limit of any convergent sequence {gij ∈ Gij} for a subsequence {Gij} ⊂
{Gi} is contained in H . If φi : G → PSL2C converges to φ as representations,
then its images φi(G) converge geometrically (up to extracting a subsequence) to a
Kleinian group containing φ(G). When the geometric limit and the algebraic limit
coincide, we say that the convergence is strong.
Suppose that a sequence of Kleinian groups {Gi} converges to H geometri-
cally. Let pi : H
3 → MGi and q : H3 → MH be universal coverings. Fix
a point x in H3. Then, (MGi , pi(x)) converges to (MH , q(x)) in the pointed
Gromov-Hausdorff topology: that is, there exists aKi-bi-Lipschitz map to its image
ρi : Bri(MGi , pi(x)) → BKiri(MH , q(x)) with Ki → 1 and ri → ∞. In this situa-
tion, we say a map fi : Ni → MGi from some Riemannian manifold Ni converges
geometrically to a map g : N ′ →MH if (Ni, zi) converges to (N ′, z′) geometrically
with some basepoint zi which has bounded dMGi (pi(x), zi) and with approximate
isometries ρ¯i, and ρi ◦ fi ◦ ρ¯−1i converges to g uniformly on every compact subset
of N ′.
3. Construction of sequences and the statement of the convergence
theorem
Consider a minimally parabolic, geometrically finite Kleinian group G as was
given in Theorem 1.2. Let S1, . . . , Sp be the boundary components of C that are
not tori. We shall define a sequence of marked conformal structures {nki } on each
component Sk. First consider core curves of P ∩ Sk, one on each component of
P ∩Sk, and denote them by ck1 , . . . , ckq and their union by Ck. On each component
of Sk \ Ck, either a marked conformal structure or a measured lamination is given
in Theorem 1.2. We denote the components of Sk \Ck on which marked conformal
structures are given by Σk1 , . . . ,Σ
k
s , and the given marked conformal structures by
mk1 , . . . ,m
k
s . Let µ
k
s+1, . . . , µ
k
r be the measured laminations given on the rest of the
10 KEN’ICHI OHSHIKA
components Σks+1, . . . ,Σ
k
r , and M
k their union. Sometimes it is more convenient
to consider a compact surface which is obtained by deleting a collar neighbourhood
of the frontier from Σkj than Σ
k
j itself. Slightly abusing notation, we use the same
symbol Σkj to denote such a compact surface.
Definition 3.1. We define hyperbolic structures nki on Sk in such a way that
(i) lengthnki (c
k
j ) = 1/i for every j = 1, . . . , q,
(ii) lengthnki (µ
k
j ) is bounded above independently of i for every j = s+1, . . . , r,
(iii) {nki |Σkj } diverges in the Teichmu¨ller space of Σkj towards the projective
lamination [µkj ] on the Thurston boundary for j = s+ 1, . . . , r, and
(iv) {nki |Σkj } converges to mkj as i→∞ for every j = 1, . . . , s.
Lemma 3.1. Hyperbolic structures nki satisfying the four conditions above exist.
Proof. We shall construct hyperbolic structures on each Σkj , and get structures as
we want by pasting them together. First we consider Σkj for j = 1, . . . , s. The
conformal structure mkj is realised by a hyperbolic structure making the frontier of
Σkj cusps. Such a structure is approximated by hyperbolic structures with respect
to which every component of ∂Σkj is a closed geodesic of length δ with δ → 0.
Therefore we can choose a hyperbolic structure nki (j) converging to m
k
j on Σ
k
j so
that each component of ∂Σkj is a closed geodesic of length 1/i.
Next we consider Σkj for j = s + 1, . . . , r. For each j, take a sequence of hy-
perbolic structures {n′ji} converging to a complete hyperbolic structure n′j0 making
∂Σkj cusps such that the length of each component of ∂Σ
k
j with respect to n
′j
i is 1/i.
We should note that since {n′ij} converges to n′j0, the lengths of µkj with respect to
the n′
j
i are bounded above. We let n
k
i (j) be the hyperbolic structure obtained from
n′
j
i by the earthquake along iµ
k
j , which is a measured lamination with the trans-
verse measure of µkj multiplied by i. Then we have lengthnki (j)(µ
k
j ) = lengthn′j
i
(µkj ),
which is bounded above independently of i. Also, since {n′ji} converges and the
earthquake is performed along iµkj , we see that {nki (j)} diverges towards the pro-
jective lamination represented by µkj on the Thurston boundary of T (Σkj ).
Pasting these hyperbolic structures nki (j) along the c
k
j , we get a hyperbolic struc-
ture as we wanted. 
For a sequence satisfying the four conditions, we have the following.
Lemma 3.2. Let {nki } be a sequence of hyperbolic structures on Sk satisfying the
four conditions above. Then for each j = s + 1, . . . , r, there exists a sequence of
weighted simple closed curves {rici} on Σkj with the following two properties.
(i) lengthnk
i
(rici) goes to 0 as i→∞.
(ii) {rici} converges to a measured lamination having the same support as µkj .
Proof. Let ci be the shortest non-peripheral closed geodesic on Σ
k
j with respect
to the metric nki . By Bers’ theorem (see [4]), there is a constant K bounding
the lengthnk
i
(ci) from above. Taking a subsequence, we can assume that there is a
sequence of positive numbers ri such that {rici} converges to a non-empty measured
lamination νkj on Σ
k
j . Note that ri goes to 0 if ci is not eventually constant. Even
in the latter exceptional case, ri is bounded above.
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We shall show that νkj and µ
k
j have the same support. Suppose that they do
not, seeking a contradiction. Since µkj was assumed to be arational, then we have
i(µkj , ν
k
j ) > 0. Since n
k
i |Σkj diverges towards [µkj ], this implies, by Lemma 8.II.1
in Fathi-Laudenbach-Poe´naru [23], that lengthnk
i
(rici) → ∞. Since ri is bounded
above, it follows that lengthnk
i
(ci) also goes to ∞. This contradicts the fact that
the lengths are bounded above by K.
Since µkj is not a closed geodesic, neither is ν
k
j , and we see that ri → 0. Hence
lengthnk
i
(rici) ≤ riK → 0. Thus we have completed the proof. 
Let q : T (ΩG/G) → QH(G) be the Ahlfors-Bers map, which is a (possibly
ramified) covering map. This map is obtained as follows. For any point m ∈
T (ΩG/G), there is a Beltrami differential µ on ΩG giving rise to a quasi-conformal
homeomorphism from the original conformal structure on ΩG/G to µ, which is
automorphic under the action of G. We extend µ to the entire Riemann sphere by
setting the value outside ΩG to be 0, which is obviously also automorphic. This
defines a quasi-conformal deformation of G, which is defined to be q(m).
Recall that ΩG/G is topologically identified with the union of non-torus compo-
nents of ∂C.
Definition 3.2. For n1i , . . . , n
p
i defined in Definition 3.1, we let {νi = (n1i , . . . , npi )}
be a sequence regarded as lying in T (ΩG/G).
One of the key ingredients to show our main theorem is the following.
Theorem 3.3. The sequence {q(νi)} converges in the deformation space AH(G),
after passing to a subsequence.
We shall prove this theorem in the following two sections. The proof is based on
the work of Kleineidam-Souto [29], Lecuire [32] and Ohshika [55]. Although there
is another way to use more general result by Kim-Lecuire-Ohshika [28] which is still
unpublished, we have chosen to use only [29], [32] and [55] since the argument in
[28] is much more complicated than these three. We note that even if we invoke the
main theorem of [28], we cannot obtain Theorem 3.3 immediately and the general
line of our argument does not change, although some part can be shorten.
Let φi : G→ PSL2(C) be a geometrically finite representation corresponding to
q(νi), and denote its image by Gi, which is a geometrically finite group. Since φi is
induced by a quasi-conformal deformation, there is a homeomorphism Φi : MG →
Mφi(G) inducing the isomorphism φi between the fundamental groups.
4. Limit laminations of the boundary-irreducible part
In [55], we first analysed the hyperbolic structures on the characteristic com-
pression body. In contrast, in the present argument, we begin by analysing the
behaviour of the hyperbolic structures on the complement of the characteristic
compression body.
Consider the characteristic compression body V of C. We call the closure of
the complement of V the boundary-irreducible part of C. Let W be a compo-
nent of the boundary-irreducible part. Then π1(W ) injects to π1(C) ∼= G by the
homomorphism induced from the inclusion. We denote its image by HW .
We recall the following lemma essentially due to Thurston. Its detailed proof
can be found in Theorem 3.1 of Ohshika [55] except for the last sentence concerning
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the Hausdorff convergence. It should be also noted that although it was assumed
that the Kleinian group does not have parabolic elements in [55], the existence of
rank-2 parabolic subgroups does not affect its proof at all.
We note that the codimension-one measured lamination which we get in this
lemma describes only the behaviour of the lengths of the simple closed curves on
∂W . It may not capture the behaviour of the lengths of the closed curves in W
in general, hence may not be a lamination dual to the action of π1(W ) on an R-
tree which is a rescaled Gromov limit of (Γi, ψi). Remark 3.2 in [55] gave such an
example.
Lemma 4.1. Let H be a minimally parabolic, freely indecomposable Kleinian group.
Let W be a compact core of MH . Suppose that we have a sequence {(Γi, ψi) ∈
AH(H)} which does not have a convergent subsequence. We denote a homotopy
equivalence from MH to MΓi inducing ψi between the fundamental groups by Ψi.
Then, after passing to a subsequence of {(Γi, ψi)}, there is a sequence of disjoint,
non-parallel unions of essential annuli {A1i ⊔ . . . ⊔ Aκi } properly embedded in W ,
whose number κ is independent of i, with positive weights w1i , . . . , w
κ
i such that
w1iA
1
i ⊔ · · · ⊔wκi Aκi converges in the measure topology to some codimension-1 mea-
sured lamination in W and the following hold. For any two convergent sequences
of measured laminations αi, βi lying on ∂W , we have
lim
i→∞
length(Ψi(αi))
length(Ψi(βi))
= lim
i→∞
i(αi, w
1
iA
1
i ) + · · ·+ i(αi, wκi Aκi )
i(βi, w1iA
1
i ) + · · ·+ i(βi, wκi Aκi )
,
provided that either the numerator or the denominator of the second term tends
to a positive number. Here, for a measured lamination λ on W , we denote by
length(Ψi(λ)) the sum of the lengths of realisations of the components of λ by pleated
surfaces in MΓi homotopic to Ψi. Moreover, if i(αi, w
1
iA
1
i ) + · · · + i(αi, wki Aκi )
converges to a positive number, then length(Ψi(αi)) goes to ∞. The annuli above
can be chosen so that (w1iA
1
i ⊔ · · · ⊔wκi Aκi ) converges to a codimension-1 measured
lamination whose support is equal to the Hausdorff limit of A1i ⊔ · · · ⊔ Aκi .
Proof. By Theorem 3.1 of [55], there is a sequence of essential annuli A1i , . . . , A
κ
i
with weights w1i , . . . , w
κ
i satisfying the conditions of our lemma except for the last
sentence. We only need to show that such annuli can be chosen so that they satisfy
the last condition.
Let L be a codimension-1 measured lamination in W which is the limit in the
measure topology of w1iA
1
i ⊔ · · · ⊔ wκi Aκi . As was shown in the proof of Theorem
3.1 in [55] using the theorem of Morgan-Shalen [44], there is an incompressible
branched surface B carrying both L and A1i ⊔ · · · ⊔ Aκi for large i, which carries
only surface with null Euler characteristic. Consider a weight system ω on B such
that (B,ω) carries L. We approximate ω by rational weight systems ωi such that
no coordinate of ωi goes to 0 as i→∞. Recall that if B is given a rational weight
system, then there is a weighted disjoint union of essential annuli carried by it. (If
B with the weight system carries a Mo¨bius band, we consider an annulus lying on
the frontier of a twisted regular neighbourhood of the band which doubly covers
it. We then give the half of the weight on the Mo¨bius band to the annulus. This
does not change the effect of the transverse measure to the simple closed curves on
∂W .) If we let w1iA
1
i ⊔ · · · ⊔ wκi Aκi be weighted annuli carried by (B,ωi), then the
Hausdorff limit of A1i ⊔ · · · ⊔Aκi coincide the support of L provided that we let the
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annulus covering a Mo¨bius band closer and closer to the band as i → ∞ when we
need to consider the Hausdorff limit of Mo¨bius bands. 
This implies the following corollary.
Corollary 4.2. Let {(Gi, φi)} be a sequence as in Theorem 1.2. If the characteristic
compression body V of C is empty (i.e. W = C), then {(Gi, φi)} converges in
AH(G) after passing to a subsequence.
Before starting the proof of Corollary 4.2, we shall consider the general situation
when V may not be empty.
Suppose that every subsequence of {φi|HW } diverges in AH(HW ). Then by the
lemma above, we get a sequence of weighted disjoint, non-parallel union of annuli
ai = w
1
iA
1
i ⊔ · · · ⊔ wκi Aκi describing the divergence. These annuli are disjoint from
the torus boundary components of W (passing to a subsequence if necessary) since
the translation length of every parabolic element is 0. By taking a subsequence,
we can assume that if we regard ai as a codimension-1 measured lamination in W ,
then it converges to some non-empty codimension-1 measured lamination ΛW in
W as i → ∞. We call this measured lamination ΛW the limit lamination of W .
The limit lamination may depend on the choice of a subsequence which was taken
in Theorem 4.1. We fix a subsequence in the following argument.
By the Jaco-Shalen-Johannson theory ([26], [27]), all the annuli Aki are properly
isotopic into the union of the characteristic pairs (Xj , Zj) of (W,∂W ) each of which
is either an I-pair or a solid torus. Let Λ0 be a component of Λ
W . Then there is
a characteristic pair (X0, Z0) containing Λ0 since Λ0 is approximated by weighted
unions of annuli. If X0 is an I-bundle, we can assume that the annuli approximating
Λ0 are all vertical with respect to the I-bundle structure of X0. Then Λ0 is also
vertical, and admits an I-bundle structure itself whose associated ∂I-bundle is
Λ0 ∩ ∂W . (Refer to Morgan-Shalen [45] for a detailed account of this.) If X0 is a
solid torus, then Λ0 itself is either a weighted annulus or a weighted Mo¨bius band.
In either case, Λ0 admits an I-bundle structure.
Consider an involution ιW on ΛW ∩ ∂W such that for a point x ∈ ΛW ∩ ∂W ,
its image ιW (x) is the other endpoint of the fibre containing x with respect to the
I-bundle structure obtained as above. Let λ0 be a component of Λ
W ∩ ∂W . Then
ιW (λ0) either coincides with λ0 or is disjoint from λ0. When we talk about ι
W (λo),
we regard it as having the transverse measure induced from that of λ0. Moreover,
we have the following lemma.
Lemma 4.3. The following two hold for the involution ιW defined above.
(i) If ιW (λ0) is disjoint from λ0, then their supports are isotopic in W .
(ii) In the case when ιW (λ0) = λ0, there are two possibilities: (a) There is a
twisted characteristic I-pair over a non-orientable surface S′ in W such
that λ0 is homotopic in ∂W to a double cover of a measured lamination
on the zero-section of S′ (where we regard I as [−1, 1]). If λ0 is not a
simple closed curve, this is the only possibility. (b) There is a solid torus
component of the characteristic pair in W such that λ0 is homotopic to a
double covering of its core curve.
Proof. Let Λ0 be the component of Λ
W containing λ0. As was remarked above,
Λ0 can be assumed to be vertical with respect to the I-bundle structure of the
characteristic I-pair (X0, Z0) containing Λ0. Since the union of annuli A
1
i ⊔· · ·⊔Aκi
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converges to the support of ΛW in the Hausdorff topology by the last sentence of
Lemma 4.1, there is a subset a′i of A
1
i ⊔· · ·⊔Ai, which consists of annuli, converging
to the support of Λ0 in the Hausdorff topology. If λ0 is disjoint from ι
W (λ0), the
I-bundle structure of Λ0 must be trivial. This means that the supports of λ0 and
ιW (λ0) are isotopic by our definition of isotopy between two laminations, and we
are done in this case.
We should also note that if Λ0 is contained in a characteristic pair (X0, Z0) that
is a product I-bundle, then the I-bundle structure of Λ0 must be trivial. Therefore,
to consider the remaining case when λ0 = ι
W (λ0), we can assume that (X0, Z0) is
twisted.
Now, suppose that ιW (λ0) = λ0. Then the characteristic pair (X0, Z0) is either
a twisted I-bundle or a solid torus. First consider the case when X0 is a twisted I-
bundle. We consider the base surface S0 of the I-bundle, which is a non-orientable
surface, and by identifying S0 with the image of its section, we regard S0 as em-
bedded in X0 horizontally. We consider the multi-curve a
′
i ∩X0, which is regarded
as a geodesic lamination and is denoted by βi. Then βi converges to a geodesic
lamination β∞ over which |Λ0| is a twisted I-bundle. The bundle must be twisted
since we assumed that ιW (λ0) = λ0. We can give a transverse measure to β∞ by
identifying it with Λ0 ∩ S0. This is the case corresponding to (a) of (ii).
Next suppose that X0 is a solid torus. Then, Λ0 is either an annulus or a Mo¨bius
band. Since ιW (λ0) = λ0, the latter is the case. Then obviously λ0 is homotopic
to a double cover over a core curve of the Mo¨bius band. 
Now we shall start a proof of Corollary 4.2. Although this has already proved
in [48], the proof here will serve as a perspective for our general argument.
Proof of Corollary 4.2. Suppose, seeking a contradiction, that {φi = φi|HW } di-
verges and set ai = w
1
iA
1
i ⊔ · · · ⊔ wκi Aκi for weighted annuli given in Lemma 4.1.
Then {ai} converges to the limit lamination ΛW in the measure topology. Let λ
be ΛW ∩ ∂C, which is disjoint from T as was seen above. Suppose first that one of
the laminations µj given in the assumption of Theorem 1.2 intersects λ essentially.
Then, i(µj , ai) converges to a positive number as i→∞ passing to a subsequence.
It follows that the length of Φi(µj) in Mφi(G) goes to infinity by Lemma 4.1. On
the other hand, since the length of µj with respect to νi is bounded, by Sullivan’s
theorem (see Epstein-Marden [22]) or a generalised version of Bers’ inequality (see
Lemma 2.1 in Ohshika [48]), we see that the length of Φi(µj) (on a pleated surface
realising it) is also bounded. This is a contradiction.
The same argument applies when λ intersects a core curve of a component of P
essentially. Therefore we can assume that each component of λ is contained in one
of Σ1, . . . ,Σm, say Σj . Suppose that j ≤ n first. There is a simple closed curve c
on Σj intersecting λ essentially. It follows that the length of Φi(c) goes to infinity
by Lemma 4.1. This contradicts (using Sullivan’s theorem again) the assumption
that the marked conformal structures on Σj converge to mj , which implies that the
length of every simple closed curve is bounded as i→∞.
Therefore λ is contained in Σn+1⊔· · ·⊔Σm. Since λ cannot intersect µj essentially
and µj is arational in Σj , the support of a component of λ coincides with that of
some µj . This implies that each component λ0 of λ is arational in some Σj ; hence
in particular, Σj is the minimal supporting surface of λ0. Suppose that λ0 is
a component of λ such that ιW (λ0) is disjoint from λ0. Then λ0 is isotopic to
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ιW (λ0). This implies that the minimal supporting surfaces T (λ0) and T (ι
W (λ0)),
both of which are among Σn+1, . . . ,Σm, are homotopic (by (ii) of Lemma 2.3), and
cobound relative to P a product I-bundle since no two distinct components of P
are homotopic. This is an excluded case in Theorem 1.2.
Suppose next that ιW (λ0) = λ0. Again the minimal supporting surface of λ0
is some Σj . Then, there is a twisted I-bundle bounded relative to P by Σj , and
λ0 doubly covers a lamination on the zero-section by Lemma 4.3, as was observed
above. This is also an excluded case in Theorem 1.2.
Thus we have shown that {(Gi, φi)} converges in AH(G) in this situation. 
From now on until the end of the proof of Theorem 3.3, we assume that V is not
empty. Consider two distinct components W,W ′ of the irreducible part for which
both {φi|HW } and {φi|HW ′} diverge in AH(HW ) and AH(HW ′) respectively, sup-
posing that there are such components. Let ΛW and ΛW
′
be the limit laminations
of W and W ′ respectively. We say that W dominates W ′ if for closed curves γ
on ∂W intersecting ΛW essentially and γ′ on ∂W ′ intersecting ΛW
′
essentially, we
have
lim
i→∞
lengthφi(γ
′)
lengthφi(γ)
= 0,
where length denotes the translation length. Obviously this definition does not
depend on the choice of γ and γ′. By taking a subsequence, we can assume that for
any two components W,W ′ of the irreducible parts unless one of them dominates
the other, lim
i→∞
lengthφi(γ
′)
lengthφi(γ)
exists and is a positive number. It also follows from
the definition that the relation of domination is transitive: if W dominates W ′ and
W ′ dominates W ′′, then W dominates W ′′. Therefore we can regard this relation
as ordering, and denote W ′ ≺dom W if W dominates W ′.
Let B be the set of all components of the irreducible part that are maximal with
respect to the ordering ≺dom. Then by definition, no component contained in B is
dominated by another component. Also, by a remark in the previous paragraph, if
both W and W ′ are contained in B, then lim
i→∞
lengthφi(γ
′)
lengthφi(γ)
is a positive number,
and if W ∈ B and W ′ 6∈ B then W dominates W ′. We see that B is non-empty if
{φi|HW } diverges for some componentW of the boundary-irreducible part. We call
components contained in B the dominating components. We define B to be empty
if there is no component W of the boundary-irreducible part such that {φi|HW }
diverges.
5. Convergence of function groups
Take a compressible boundary component Sk of C. We denote by Vk the compo-
nent of the characteristic compression body V of C which contains Sk as its exterior
boundary. We consider a subgroup Hk of G associated to the image of π1(Sk) in
π1(C) ∼= G by a homomorphism induced by the inclusion. The image of π1(Sk) can
be identified with π1(Vk).
Recall that we denote the union of core curves of P on Sk by C
k and the union
of measured laminations µkj on Sk by M
k. The compression body Vk may have
interior boundary components contained in ∂C. In this case we add core curves
of P and the µj on these components to C
k and Mk respectively. We denote the
unions by C¯k and M¯k. If ∂iVk ∩ ∂C = ∅, then we set C¯k = Ck and M¯k =Mk.
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Lemma 5.1. Suppose that {φi} diverges in AH(G) even after passing to a subse-
quence. Then one of the following two conditions holds:
(i) B is empty, or
(ii) there are a dominating component W with its limit lamination ΛW , a
component Vk of V meeting W , and a component of Λ
W ∩ ∂iVk whose
support is not isotopic in Vk to the support of any component of C
k ∪Mk.
Proof. We assume that there is at least one dominating component, and shall show
that the second alternative holds. If ΛW is disjoint from V for some dominating
componentW (i.e. the boundary of ΛW lies in (∂C \V )), then we can argue entirely
in the same way as the proof of Corollary 4.2 and get a contradiction. Therefore,
we can assume that ΛW ∩ V 6= ∅ for every dominating component W .
Let Vj be a component of V intersecting some dominating component. Suppose
that for every dominating component W intersecting Vj , each component λ of the
lamination ΛW ∩ ∂iVj has support isotopic in Vj to the support of a component
λ′ of Cj ∪M j . (Otherwise, we have only to set Vk to be Vj and get the second
alternative.)
Take a component λ of ΛW ∩ ∂iVj for a dominating component W intersecting
Vj . We consider the lamination ι
W (λ). As was observed in the previous section,
either ιW (λ) = λ or ιW (λ) is disjoint from λ.
(a) Let us first consider the case when ιW (λ) = λ.
Recall that we assumed that there is a component λ′ of Cj ∪M j lying on Sj whose
support is isotopic in Vj to that of λ. Suppose first that λ
′ is contained in Cj .
Then λ is a simple closed curve, hence is homotopic to double covering of either a
simple closed curve on the base surface of a twisted I-bundle or a core curve of a
solid torus, either of which is embedded in W , as was observed in Lemma 4.3. This
is a contradiction because every component of Cj is a core curve of a paring locus
P , hence represents a primitive class of π1(C).
Suppose next that λ′ is contained in M j . Again by Lemma 4.3, there is an
embedded twisted I-bundle X in W and λ is homotopic to a double cover of a
measured lamination on the zero-section of the base surface. By assumption, λ′ is
arational on a component Σu of Sj \ Cj and is contained in the Masur domain of
Σu. Let T (λ) be the minimal supporting surface of λ on ∂iVj . Then T (λ) doubly
covers a subsurface T ′ on the zero-section of the base surface of X . Since λ is
isotopic to λ′, and neither ∂T (λ) lying on ∂iVj nor ∂Σu contains a meridian, the
surface T (λ) is homotopic to Σu in Vj by Lemma 2.3.
Since T (λ) doubly covers non-orientable T ′ and every boundary component of
T ′ is an orientation-preserving curve on T ′, each boundary component of T (λ)
is one of the two components of the preimage of a boundary component of T ′,
hence is homotopic in W to another boundary component of T (λ). Therefore, each
component of c of ∂Σu is homotopic in Vj ∪W to another boundary component
of ∂Σu. (The boundary of Σu cannot be empty since Sj cannot be homotopic to
a surface covered by a subsurface of a component of ∂iVj .) Since the boundary
components of Σu are all in C
j , which are core curves of the paring locus P , two
of them are homotopic in C only when they are parallel on ∂Vj . If this happens,
then the entire Sj is obtained by pasting annuli in P to Σu, and Vj ∪X itself is a
twisted I-bundle. This is impossible since Vj is a compression body.
(b) Next we consider the case when ιW (λ) is disjoint from λ.
If ιW (λ) is also contained in ∂iVj , then ι
W (λ) is also isotopic in Vj to a component
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of Cj∪M j , and by an argument similar to the above, we are lead to a contradiction
with either the assumption that Cj consists of core curves of the paring locus P
and the fact that Vj cannot be contained in a product I-bundle if W is not empty.
Suppose now that ιW (λ) lies on ∂W \V , hence on an incompressible component
of ∂C. If either one of the µj or a core curve in P intersects ι
W (λ) essentially,
then we get a contradiction as in the proof of Corollary 4.2. Therefore, ιW (λ) is
contained in a component Σ of ∂C \ P , and by the same argument as in Corollary
4.2, we see that it is arational there (i.e. T (ιW (λ)) = Σ). Moreover, since Σ lies
on ∂W , it is incompressible and ιW (λ) is contained in the Masur domain of Σ,
which is the entire measured lamination space. Then Σ and Σu are homotopic in C
by Lemma 2.3. If Σ and Σu have non-empty boundaries, their boundaries, which
lie in distinct components of ∂C, consist of (simple closed curves homotopic to)
core curves of P . This is a contradiction since no two distinct components of P
are homotopic in C. If Σ and Σu are closed surfaces, then W itself is a product
I-bundle, which contradicts the definition of the characteristic compression body.
Suppose next that ιW (λ) is contained in another component Vk of V with k 6= j.
If ιW (λ) is not isotopic in Vk to a component of C
k ∪Mk, then this Vk is what
we were looking for to get the condition (ii). Suppose, on the contrary, that ιW (λ)
is isotopic in Vk to a component λ
′′ of Ck ∪Mk. Then λ′ and λ′′ are isotopic in
C. If λ′′ is simple closed curve, i.e., contained in Ck, then this means that there
are core curves of distinct two components of P which are homotopic in C. This
is a contradiction. Suppose that λ′′ is contained in Mk. Then λ′′ is arational in
some component Σv of Sk \ Ck and Σv is homotopic to the minimal supporting
surface of ιW (λ). (Since no boundary component of Σv or T (ι
W (λ)) is a meridian,
we can use Lemma 2.3.) On the other hand, λ′ is arational in a component Σu of
Sj \Cj which is homotopic to the minimal supporting surface T (λ). Since T (λ) is
homotopic to T (ιW (λ)), this implies that Σu is homotopic to Σv. In particular, a
boundary component of Σu, which is contained in C
j , is homotopic to a boundary
component of Σv, which is contained in C
k. (If Σu is closed, we get a contradiction
as before.) This contradicts the fact that no two core curves of distinct components
of P are homotopic. Thus we have completed the proof. 
Now we start the proof of Theorem 3.3. We shall first show that for each compo-
nent Vk of V , the sequence {(φi(Hk), φi|Hk) ∈ AH(Hk)} converges if B is empty,
using Lecuire’s result on measured laminations in D. For that, we need to prove
that we can extend C¯k ∪ M¯k to a measured lamination contained in D(Vk).
Lemma 5.2. Take an arational measured lamination on each component of (Vk ∩
∂C) \ P among Σ1, . . . ,Σn, which is contained in its Masur domain and does not
have support isotopic in Vk to the support of a component of M
k in such a way that
no two of them have supports isotopic to each other in Vk. (Recall that Σ1, . . . ,Σn
are components of ∂C \ P where the marked conformal structures converge in the
Teichmu¨ller spaces.) Denote the union of all of these arational measured lamina-
tions by Lk. Take also an arational measured lamination on each interior boundary
component of Vk that is not contained in ∂C, and let Q
k be their union. Then
C¯k ∪ M¯k ∪ Lk ∪Qk is contained in D(Vk).
Proof. By the definition of D, we have only to show that there is η > 0 such that
every meridian and the boundary of every essential annulus has intersection number
greater than η with C¯k∪M¯k∪Lk∪Qk. Suppose, seeking a contradiction, that there
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is a sequence of meridians {∂Dl} or of boundaries of essential annuli {∂Al} such
that i(∂Dl, C¯
k ∪ M¯k ∪Lk ∪Qk) or i(∂Al, C¯k ∪ M¯k ∪Lk ∪Qk) goes to 0 as l→∞.
Then after taking a subsequence, we can assume that ∂Dl or ∂Al is disjoint from
C¯k for every l, for otherwise it has intersection number at least 1 with C¯k. For
meridians, we set cl = ∂Dl, and for annuli, we set cl to be one of the components of
∂Al. Then, passing to a subsequence, all of the cl can be assumed to be contained
in a component Σ of ∂Vk \ C¯k since they are disjoint from C¯k and there are only
finitely many components of ∂Vk \ C¯k. We can also assume that the same holds
even if we choose the other boundary component of Al for each l. Since µj or a
component of Lk ∪Qk given on Σ is arational, it follows that its support coincides
with a minimal component ℓ of the Hausdorff limit of the cl, for both choices of the
boundary components of Al. If the cl are meridians (of Σ), their Hausdorff limit
contains a homoclinic leaf. (Refer to The´ore`me 1.8 of Otal [57].) By Lemma 2.1,
this contradicts the assumptions that any µj or any component of L
k is contained
in the Masur domain, and that Qk lies on the interior boundary of Vk.
Next suppose that the cl are boundary components of the Al. We consider
first the case when the two boundary components of Al are contained in distinct
components Σ and Σ′ of ∂Vk \ C¯k. Let ℓ, ℓ′ be the Hausdorff limits of Al ∩ Σ
and Al ∩ Σ′, which are isotopic in Vk by definition. Since the Hausdorff limit of
∂Al does not intersect M¯
k ∪ Lk ∪Qk essentially, both ℓ and ℓ′ consist of a unique
arational minimal component and isolated non-compact leaves spiralling around
them. Their minimal supporting surfaces are Σ and Σ′ respectively. Also, the
minimal components of both ℓ and ℓ′ carry transverse measures which give rise
to measured laminations in the Masur domains of Σ and Σ′ since they coincide
with the supports of components of M¯k ∪Qk ∪ Lk. Since their boundaries do not
contain meridians, by Lemma 2.3, Σ and Σ′ are homotopic. Moreover, since no
two distinct components of C¯k are homotopic and no interior boundary component
is homotopic to another boundary component, this is possible only when Σ and
Σ′ lie on ∂Vk ∩ ∂C, all the boundary components of Σ are homotopic in ∂Vk to
boundary components of Σ′, and the same holds interchanging Σ with Σ′. This
happens only when Vk is a handlebody and homeomorphic to a product I-bundle
over a compact surface as a pared manifold. This in particular implies that the
boundary-irreducible part is empty; hence Vk = C, and Σ,Σ
′ can be assumed to be
Σ1,Σ2.
By the assumption of Theorem 1.2, if the µj are given on both of Σ1 and Σ2, i.e.
n = 0, then the supports of µ1 and µ2 are not isotopic. This contradicts the fact
that ℓ and ℓ′ are isotopic and the supports of µ1, µ2 are their minimal components.
If µj is not given on Σ1, i.e., n ≥ 1, then by our assumption, the component λ1
of Lk on Σ1 has support which is not isotopic to that of µ2 or λ2. This again
contradicts the fact that ℓ and ℓ′ are isotopic.
Next we consider the case when both of the boundary components of Al lie in
the same component Σ of ∂Vk \ C¯k. We need to divide our argument into two
sub-cases depending on whether Σ is compressible or not. Suppose first that Σ
is compressible. Let D be a compressing disc of Σ. Then, since {∂Al} converges
to an arational lamination, Al intersects D essentially for large l. Therefore, we
can either boundary-compress Al along an outermost semi-disc on D bounded by
Al ∩D, or get a compressing disc intersecting Al along fewer arcs than D which is
obtained by cutting D along an arc cobounding with ∂Al an outermost semi-disc
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on Al. In the former case, we get a meridian dl of Σ which is disjoint from Al by
boundary-compressing Al. Also in the latter case, by repeating the same operation,
we eventually get a meridian dl of Σ which is disjoint from Al. Then the Hausdorff
limit d′ of the dl does not intersect the Hausdorff limit of ∂Al transversely, hence
neither does it a component of M¯k∪Lk∪Qk on Σ, which is an arational lamination.
Then by the same argument using the homoclinicity as for the Hausdorff limit of
{Dl} above, we get a contradiction.
Suppose next that Σ is incompressible. Then by applying the Jaco-Shalen-
Johannson theory to (Vk,Σ), we see that there is a characteristic pair X which
is a union of I-bundles and solid tori intersecting ∂Vk in Σ, to which every essential
annulus with boundary on Σ can be properly homotoped. Since {∂Al} converges
to an arational lamination, there is an I-bundle component X0 of X to which Al
can be properly homotoped for large l, and Σ is isotopic in Vk to the associated
∂I-bundle of X0. This is possible only when X0 is a twisted I-bundle. We also see
that Vk = X0 since no two components of ∂Σ not homotopic on ∂Vk are homotopic
in Vk. This implies that Vk is a twisted I-bundle over a non-orientable surface, and
contradicts the fact that Vk is a compression body. 
We need to use the following lemma, which was proved by Lecuire in [32].
Lemma 5.3. Let V be a compression body and S its exterior boundary. Suppose
that π1(V ) acts on an R-tree T by isometries with small edge-stabilisers. Let µ be
a measured lamination contained in D(V ). Then there exists a π1(S)-equivariant
map F : H2 → T which realises at least one component of µ. (Here we regard π1(S)
as acting on T by pre-composing the epimorphism from π1(S) to π1(V ) induced by
the inclusion.)
As a first step of the proof of Theorem 3.3, we shall show the following propo-
sition. This is a case which Lecuire’s Theorem 6.6 in [32] already covers. Still, we
shall give an outline of proof here based on Lecuire’s lemma above so that we can
refer to it in the argument for the next case when B is not empty.
Proposition 5.4. Suppose that B is empty. Then for every component Vk of V ,
the quasi-conformal deformations of Hk given by the φi|Hk converge after taking a
subsequence and conjugates.
Proof. Suppose, seeking a contradiction, that {φi|Hk} does not have a conver-
gent subsequence in AH(Hk). Then, by the Morgan-Shalen-Bestvina-Paulin theory
([44], [5] and [59]), there is an isometric action with small edge-stabilisers of Hk on
an R-tree T which is a Gromov limit of the rescaled action of φi(Hk) on ǫiH3 with
ǫi → 0. This can be regarded as an action of π1(Vk) on T . By Lemmata 5.2 and
5.3, one of the components of C¯k ∪ M¯k ∪ Lk ∪ Qk, which we shall denote by χ, is
realised in T .
Suppose first that χ is a component of C¯k. Then there is an element γ ∈ Hk
whose conjugacy class is represented by χ. Since χ is realised in T , the translation
length of φi(γ) goes to infinity as i→∞. On the other hand, by our construction,
the length of χ with respect to the conformal structure at infinity νi goes to 0.
This implies, as was shown in Theorem 6.2 Sugawa [62] (or by the main theorem of
Canary [19]), that the translation length of φi(γ) also goes to 0. Thus we are lead
to a contradiction.
Next consider the case when χ is a component µ of M¯k. By Lemma 3.2, there
is a sequence of weighted simple closed curves {rncn} on a component of Sk \ Ck
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such that rncn converges to µ and lengthνi(rici) goes to 0 as i→ 0. We should also
note that for any meridian m in Σ, its length with respect to νi goes to ∞ since
i(m,µ) > 0. Therefore, by the main theorem of Canary [16], rilength(φi(ci)) in
Mφi(Hk) goes to 0, where length denotes the translation length. Since χ is arational,
the Hausdorff limit of cn, which we denote by ξ, is the union of χ and finitely many
isolated non-compact leaves. Since χ is realised in T , by the same argument as
The´ore`me 3.1.4 of Otal [58], we see that ξ is also realised in T . Furthermore,
Otal’s argument implies that there is a train track carrying ξ which is realised in
T . This implies that rilength(φi(ci)) in Mφi(Hk) must go to infinity as i→∞ since
τ is mapped to a train track with geodesic branches and small exterior angles at
switches in Mφi(Hk) (see Chapitre 3 of [58]). This is a contradiction.
Next we consider the case when χ is a component of Lk. Then χ lies on Σj on
which the conformal structure converges to mj . Therefore, the length with respect
to nki of rici taken as before is bounded as i→∞. Thus, by the same argument as
the previous case, we get a contradiction.
Finally, we consider the case when χ is a component of Qk. Let Σ be the interior
boundary component not contained in ∂C on which χ lies. There is a component
W of the boundary-irreducible part containing Σ as a boundary component. Since
we assumed that B is empty, φi|HW converges, hence in particular, the length of
Φi(χ) in Mφi(G) (hence also that in Mφi(Hk)) is also bounded. This contradicts the
fact that χ is realised in T by the same argument as above. 
Now we consider the case when B is not empty. By Lemma 5.1, there are a
dominating componentW and a component Vk of V such that there is a component
of ΛW ∩ ∂iVk whose support is not isotopic in Vk to the support of a component of
C¯k ∪ M¯k. We shall show that this will lead to a contradiction.
Proposition 5.5. In the settings of Theorem 3.3, if V is not empty, then B must
be empty.
Proof. To prove this proposition, we need to analyse an action on an R-tree in the
same way as the proof of Lemma 5.3 in [32].
Suppose, seeking a contradiction, that neither V nor B is empty. Then there is
a component Vk of V intersecting Λ
W as we mentioned just before the proposition.
Then {φi|Hk} must diverge in AH(Hk) since ΛW intersects ∂iVk. By the same
argument as Proposition 5.4, there is a limit isometric action ρ of Hk ∼= π1(Vk) on
an R-tree T having small edge-stabilisers. We first consider a special case when
the restriction of ρ to every interior boundary component of Vk has a global fixed
point in T . In this case, we can argue as in the proof of Proposition 5.4. We
extend C¯k ∪ M¯k by adding Lk and Qk using Lemma 5.2. By Lemma 5.3, one of
the components of C¯k ∪ M¯k ∪ Lk ∪ Qk is realised by ρ. By the same argument
as the proof of Proposition 5.4, we see that it is impossible that a component of
C¯k ∪ M¯k ∪ Lk is realised by ρ. If a component χ of Qk is realised by ρ, then we
consider the component Σ of ∂iVk on which χ lies. Then the restriction of ρ to
π1(Σ) is non-trivial. This contradicts the assumption of our special case here.
Now, we assume until the end of the proof that there is at least one component
of ∂iVk on which the restriction of ρ is non-trivial, i.e., does not have a global fixed
point. Regard ρ as an action of π1(Sk) (recall that Sk = ∂eVk) by pre-composing
the epimorphism from π1(Sk) to π1(Vk) induced by the inclusion.
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Take a sequence of weighted multi-curves {cn} decomposing Sk into pairs of
pants which converges to Ck ∪Mk ∪ (Lk ∩ Sk) in ML(Sk) as n→∞. Since Ck ∪
Mk∪(Lk∩Sk) is maximal, by approximating it by a train track with complementary
regions whose vertices correspond one-to-one to ideal vertices of the complementary
regions of Ck ∪Mk ∪ (Lk ∩ Sk) and giving rational weights, we can assume that
a union of some components of |cn| (the support of cn) converges to the support
of Ck ∪Mk ∪ (Lk ∩ Sk) with respect to the Hausdorff topology. As was shown in
Morgan-Otal [43], there are an action ρn of π1(Sk) on an R-tree Tn, which is dual
to a measured lamination ζn on Sk, and a morphism πn from Tn to T such that the
action obtained by pushing ρ forward by πn, which we denote by (πn)∗ρn, coincides
with ρ, and the translation length of cn, i.e. the weighted sum of the translation
lengths of the components of cn, with respect to ρn is equal to that with respect
to ρ. Now we consider the Hausdorff limit ζ∞ of {|ζn|}. As was shown in the proof
of Theorem 3 in Kleineidam-Souto [29], if a component of Ck ∪Mk ∪ (Lk ∩ Sk)
intersects ζ∞ essentially, then it is realised in T . This is a contradiction as in the
proof of Proposition 5.4.
Therefore, ζ∞ does not intersect C
k ∪Mk ∪ (Lk ∩ Sk) essentially. We consider
the measured lamination ΛW ∩ ∂iVk for all the components W ∈ B, and let υˆ be
the union of all such laminations on ∂iVk. By Lemma 5.1, there are a component
F of ∂iVk and a component υ0 of υˆ having support which is not isotopic in Vk to
the support of a component of Ck ∪Mk. Moreover, we see that no component of
υˆ is isotopic in Vk to a component of L
k ∩ Sk as follows.
Let λj be a component of L
k ∩ Sk, and suppose that λj lies on Σj which is
among Σ1, . . . ,Σn. Then we can take a simple closed curve c on Σj intersecting
λj essentially. Suppose, seeking a contradiction, that λj is isotopic in Vk to a
component υ0 of υˆ. Then the minimal supporting surface T (υ0) is homotopic to Σj
in Vk by Lemma 2.3. This implies that there is a simple closed curve c
′ on T (µ0)
homotopic to c intersecting υ0 essentially. In particular, the translation length of
φi(c
′) goes to infinity as i→∞. By using the fact that the length of c with respect
to νj is bounded, and either Theorem 6.2 in Sugawa [62] or the main theorem of
Canary [19], we get a contradiction.
Recall that we assumed that for some component of ∂iVk, the restriction of ρ
to the component is non-trivial. Consider the component F of ∂iVk containing
υ0 as defined above. Since all the W in B are dominating and some ΛW with
W ∈ B intersects F , if the restriction of ρ to F is trivial, then the restriction of
ρ to every component of ∂iVk is trivial. Therefore, under the present assumption,
the restriction of ρ to π1(F ) is a non-trivial action having small edge-stabilisers
since F is incompressible. By Skora’s theorem [61], it is dual to some measured
lamination ν on F . By the definition of ΛW , if we consider the restriction of φi to
the subgroup corresponding to π1(F ) and its rescaled Gromov limit, we see that ν
must coincide with υˆ ∩ F up to a scalar multiple. Since Vk is a compression body,
there is a surface Fˆ on Sk each of whose boundary component is a meridian such
that the surface obtained by attaching disjoint compressing discs to ∂Fˆ is isotopic
to F in Vk. Let υ1 be a measured lamination on Fˆ which is isotopic to υ0.
Recall that we have actions ρn of π1(Sk) on R-trees Tn, which are dual to mea-
sured laminations ζn on Sk. As was shown in the proof of Proposition 6.1 in Lecuire
[32], we see that |ζn| is constant for large n, which implies that ζ∞ is the support of
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a measured lamination, which we denote by ζ. As was seen above, ζ∞ cannot inter-
sect Ck ∪Mk ∪ (Lk ∩SK) essentially; hence we have i(Ck ∪Mk ∪ (Lk ∩SK), ζ) = 0.
Since Ck ∪Mk ∪ (Lk ∩Sk) is maximal, we see that the support of ζ is contained in
that of Ck ∪Mk ∪ (Lk ∩ Sk). In particular, |ζ| cannot contain |υ1| as a component
since υ1 intersects C
k ∪Mk ∪ (Lk ∩ Sk) essentially.
We shall now show that ζ cannot intersect υ1 essentially. Suppose, on the con-
trary, that there is a component ζ0 of ζ intersecting υ1 essentially. We shall first
consider the case when ζ0 is contained in Fˆ . Since ρn is dual to ζn whose support
is equal to |ζ| for large n, there is a π1(Sk)-equivariant map qn : H2 → Tn which
maps each component of the preimage of ζ to a point in Tn. Then there is a train
track τ carrying ζ0 each component of whose preimage is mapped to a point by
qn, as was shown in the proof of Theorem 4 in Kleineidam-Souto [29]. Let snkn
be a sequence of weighted simple closed curves converging to ζ0 which is carried by
τ . (Such a sequence can be taken by approximating the weight system for ζ0 by
rational numbers.) Then each lift of kn in H
2 is mapped to a point by qn; hence
the translation length of ρ(kn) = (πn)∗ρn(kn) is 0. On the other hand, since ζ0
intersects υ1, by homotoping ζ0 and υ1 in Vk into F , we see that the translation
length of ρ(kn) must go to ∞ if ζ0 is not a simple closed curve, and is positive if ζ0
is a simple closed curve. This is a contradiction.
Next we consider the case when ζ0 is not contained in Fˆ . Since ζ is a measured
lamination, the leaves of ζ intersecting ∂Fˆ cannot accumulate inside Fˆ , and consist
of finitely many parallel families of geodesic arcs with endpoints on ∂Fˆ . By joining
outermost geodesic arcs in parallel families and arcs on ∂F disjoint from ζ, we can
construct essential simple closed curves on Fˆ which are disjoint from ζ. Since ζ0
intersects υ1 essentially, so does one of the simple closed curves, which we denote by
γ. This curve γ is homotopic to a simple closed curve γ′ on F which intersects υ0
essentially. Since the restriction of ρ to π1(F ) is dual to ν whose support contains
that of υ0, we see that ρ(γ) has a positive translation length in T . This contradicts
the fact that ρn(γ) has null-translation length in Tn (since γ is disjoint from ζ) and
ρ = (πn)∗ρn.
Thus we have shown that ζ cannot intersect υ1 essentially. The only remaining
possibility is that υ1 is disjoint from ζ. In this case, we consider a complementary
region U of ζ containing υ1. We note that U ∩ Fˆ contains T (υ1). If υ1 is not a
weighted simple closed curve, then there is a simple closed curve δ in T (υ1) ⊂ U∩Fˆ
intersecting υ1 essentially. Since δ is disjoint from ζ, the translation length of
ρn(δ), hence also that of ρ(δ), is 0. On the other hand, δ is homotopic to a simple
closed curve δ′ on F intersecting υ0 essentially. Therefore ρ(δ) must have positive
translation length in T as before. This is a contradiction.
Next suppose that υ1 is a weighted simple closed curve. By our choice of υ0,
there is a component ξ of Ck ∪Mk ∪ (Lk ∩ Sk) intersecting υ1 essentially. Since
ζ is assumed to be disjoint from υ1, there is a complementary region U of ζ such
that U ∩ Fˆ contains υ1 ∪ ξ. If U ∩ Fˆ contains a simple closed curve intersecting
υ1 essentially, we are done by arguing as in the previous paragraph. Otherwise,
we take a simple geodesic arc β in U ∩ Fˆ with endpoints at ∂Fˆ intersecting υ1
essentially. Starting from β, and using arcs on ∂Fˆ disjoint from ζ and outermost
geodesic arcs in parallel families of ζ ∩ Fˆ intersecting ∂Fˆ , as in the previous case
when ζ0 intersects υ1 but is not contained in Fˆ , we can construct a simple closed
curve γ in Fˆ which intersects υ1 essentially and is disjoint from ζ. Then we are lead
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to a contradiction in the same way as before. Thus, we have reached a contradiction
in every case, and completed the proof. 
Thus we have shown that either V or B must be empty. If V is empty, by
Corollary 4.2, we are done. If B is empty, then by Proposition 5.4, for every
component Vk of V , the restriction φi|Hk converges in AH(Hk). Since B is empty,
the restriction of φi to each component W of the boundary-irreducible part also
converges (after taking a subsequence and conjugates). Then, the same argument
as the proof of Lemmata 4.5 and 4.6 in [55] shows Theorem 3.3.
6. Unrealisable laminations and Ending laminations
Having proved Theorem 3.3, we now know that {q(νi)} converges in AH(G)
after passing to a subsequence. Let φ : G→ PSL2C be a representation with image
Γ = φ(G) such that (Γ, φ) is the limit of (a subsequence of ) {q(νi)} in AH(G). We
consider the hyperbolic 3-manifoldMΓ. We use the symbol Φ to denote a homotopy
equivalence from MG to MΓ induced by the isomorphism φ. Let C
′ be a relative
compact core of (MΓ)0. If we denote C
′ ∩ ∂(MΓ)0 by P ′, then the pair (C′, P ′) is
a pared manifold.
In this section, we shall prove that for the given laminations µj in Theorem
1.2, their images Φ(µj) actually represent ending laminations of ends of (MΓ)0
(Proposition 6.5). A similar result on the equivalence of being unrealisable and
representing an ending lamination was given independently by Namazi-Souto [47]
as we mentioned in Introduction.
Before stating the main proposition, we shall show that Φ can be homotoped to
take (C,P ∪ T ) to (C′, P ′) and that Φ(µj) is unrealisable in MΓ, where P and T
are as given in Theorem 1.2.
Lemma 6.1. The homotopy equivalence Φ can be homotoped so that Φ(C,P ∪T ) ⊂
(C′, P ′) as pairs and Φ|(P ∪ T ) is an embedding into P ′.
Proof. Since C′ is a compact core, we can homotope Φ so that Φ(C) ⊂ C′. Since
any immersed incompressible torus in C′ is homotopic into (a component of ) the
union of torus components of P ′, which we denote by T ′, we can make Φ(T ) ⊂ T ′.
Let T0 be a component of T . Then, since π1(T0) is a maximal abelian subgroup in
π1(C), we see that Φ|T0 induces an isomorphism from π1(T0) to π1(T ′0) for some
component T ′0 of T
′, hence is homotopic to a homeomorphism to T ′0. Thus we have
shown that Φ can be homotoped so that Φ|T is an embedding into T ′.
Let c be a core curve of a component of P . By the definition of νi, we have
lengthνi(c) → 0. By Theorem 6.2 in Sugawa [62] or the main theorem of Canary
[19], this implies that length(φi(c)) → 0, hence also that φ(c) is parabolic. There-
fore, Φ can be homotoped so that Φ(c) ⊂ P ′. Since c represents a generator of a
maximal abelian group, (for (C,P ∪ T ) is a pared manifold,) Φ|c is homotopic to
a homeomorphism to a core curve of an annulus component of P ′. This completes
the proof. 
6.1. Unrealisability of µj. Recall that the aim of this section is to show that
Φ|µj represents an ending lamination for some end of (MΓ)0. We shall first see
that Φ|µj cannot be realised by a pleated surface. Recall that µj is contained in a
component Σj of ∂C \ (P ∪ T ).
Lemma 6.2. There is no pleated surface homotopic to Φ|Σj realising µj.
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To prove this lemma, we need to invoke the following lemma which appeared
as Lemma 4.10 in [54]. Although we allow Γ to have parabolic elements here, the
proof in [54] works with only a slight refinement as we shall see below.
In the following, we say that a map f : Σ→MΓ is adapted to a tied neighbour-
hood N of a train track τ on Σ if it maps each branch of τ to a geodesic segment
and each tie of N to a point.
Lemma 6.3. Let Σ be a component of ∂C \ P . Suppose that µ is an arational
measured lamination in M(Σ) which can be realised by a pleated surface f : Σ →
MΓ. Let {wkck} be a sequence of weighted essential simple closed curves which
converges to µ. Then for any δ > 0 and t < 1, there exist a continuous map
h : Σ → MΓ homotopic to f and a subsequence {wk(l)ck(l)} of {wkck} with the
following two properties.
(i) The map h is adapted to a tied neighbourhood N of a train track τ which
carries µ and the wk(l)ck(l) for sufficiently large l. Moreover, N can be
taken to contain µ and ck(l) in such a way that their leaves are transverse
to the ties of N (without moving µ and ck(l) by a homotopy).
(ii) For sufficiently large l, the simple closed curve h(ck(l)) represents a lox-
odromic class. Moreover the closed geodesic c∗k(l) in MΓ homotopic to
h(ck(l)) has a part with length at least tlengthh(ck(l)) which is contained in
the δ-neighbourhood of the closed curve h(ck(l)).
Proof. We need to show that the argument in [54] works even if we allow para-
bolic elements to exist. It is easy to see that parabolic elements corresponding to
punctures of Σ do not affect the argument.
We shall discuss the case when there may be a closed curve not homotopic to a
puncture of Σ which represents a parabolic class of Γ. (Such an element is called an
accidental parabolic element in some literature.) We need to show that for every
{wkck} converging to λ, after passing to a subsequence, every h(ck) represents a
loxodromic class of Γ. Once we prove this, the argument involving the area estimate
of piecewise geodesic annulus cobounded by h(ck(l)) and c
∗
k(l), which is originally
due to Bonahon [7], works in the same way as in [54].
Now suppose that this is not the case. Then, by extracting a subsequence, we
can assume that all the h(ck) represent parabolic elements. (It is impossible that
infinitely many h(ck) are null-homotopic since µ is contained in the Masur domain.)
Then we can construct a piecewise geodesic ideal annulus Ak cobounded by h(ck)
and a cusp. The area of this annulus is equal to the total exterior angle ek of
h(ck). We can make each of the exterior angles and wkek arbitrarily small and
the length of the image of each branch of τ arbitrarily long by approximating a
pleated surface realising λ by h closely. (See Lemma 4.8 of [54].) For each point of
∂Ak = h(ck), we consider a geodesic on Ak (with respect to the two-dimensional
hyperbolic metric induced on Ak) perpendicular to ∂Ak. By the Gauss-Bonnet
formula, these geodesic arcs are disjoint and can be extended indefinitely if they
start outside the η-neighbourhoods of the vertices, where η goes to 0 as the exterior
angle goes to 0. Since wklengthh(ck) converges to a positive constant, the area of
Ak multiplied by wk goes to infinity as h approximates the pleated surface realising
λ closer and closer. This contradicts the fact shown above that wkek, which is equal
to wkArea(Ak), goes to 0. 
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Proof of Lemma 6.2. Suppose that µj is realised by a pleated surface g∞ : (Σj , n∞)
→MΓ homotopic to Φ|Σj . Then every measured lamination on Σj with the same
support as µj is also realised by this pleated surface. Let {γk} be a sequence of
simple closed curves on Σj such that {wkγk} converges to a measured lamination
with the same support as µj , and γ
∗
k the closed geodesic homotopic to Φ(γk). Since
wklengthn∞(γk) converges to lengthn∞(µj), and length(γ
∗
k) ≤ lengthn∞(γk), we see
that length(γ∗k) grows at most in the order of w
−1
k as k →∞.
Let gk : (Σj , nk)→MΓ be a pleated surface homotopic to Φ|Σj which realises γk
as γ∗k . We shall show that we can assume that the gk intersect cusp neighbourhoods
ofMΓ only at a thin neighbourhood of the frontier of Σj , i.e., that gk(Σj) is disjoint
from a sufficiently small cusp neighbourhood corresponding to accidental parabolic
elements for every k if we take a subsequence. Suppose that this is not the case.
Then passing to a subsequence, the image of gk outside a neighbourhood of the
frontier goes deeper and deeper into a cusp neighbourhood as k → ∞, for there
are only finitely many cusps in MΓ. Since a pleated surface can intersect a small
cusp-neighbourhood only at its thin annulus (for the diameters of the thick parts
of the pleated surfaces are uniformly bounded), there is a non-peripheral simple
closed curve dk such that φ(dk) either represents an accidental parabolic element
or is null-homotopic, and gk(dk) is contained in the ǫk-cusp neighbourhood Uǫk of
the same cusp with ǫk ց 0 (ǫk goes monotonically to 0) as k → ∞ after passing
to a subsequence. Furthermore, any point x such that gk(x) is contained in Uǫk is
contained in the ηk-thin part of Σj with respect to nk where ηk → 0 as k →∞.
Take positive numbers vk so that {vkdk} converges to a non-empty measured
lamination ξ after passing to a subsequence. Suppose that i(ξ, µj) = 0. Since µj is
arational, this implies that the supports of ξ and µj coincide. Since ξ, which has
the same support as µj , is realised by a pleated surface homotopic to Φ|Σj realising
µj , by Lemma 6.3, φ(dk) must represent a loxodromic element. Since φ(dk) is
either parabolic or trivial, this is a contradiction. Thus we have i(ξ, µj) > 0. Then
i(dk, γk) grows in the order of w
−1
k v
−1
k .
Now, let Dk be the distance between ∂Uǫ1 and Uǫk . Since ǫk ց 0, we have
Dk → ∞ as k → ∞. For each intersection p of γk with dk, there is an arc ap
on γk containing p such that gk(ap) starts from ∂Uǫ1, goes into Uǫk and comes
back to ∂Uǫ1 . Then gk(ap) has length at least 2Dk. (See Figure 1.) Since each
intersection corresponds to an arc traversing the ǫk-thin annulus around dk, we see
that ap ∩ ap′ = ∅ if p 6= p′. It follows that the geodesic γ∗k has part with length
of order 2w−1k v
−1
k Dk. Since vkdk converges in ML(Σj), we see that vk is bounded
above as k →∞. Therefore v−1k Dk goes to∞ as k →∞, which implies w−1k v−1k Dk,
hence also length(γ∗k), grows in a higher order than w
−1
k . This contradicts the fact
that length(γ∗k) grows at most in the order of w
−1
k , which was proved above.
Thus, we have shown that gk(Σj) does not intersect cusps outside a thin neigh-
bourhood of the frontier; hence there is a uniform upper bound for the diameters of
the non-cuspidal parts of the pleated surfaces gk. Moreover, by Lemma 6.3, gk(Σj)
is within a uniformly bounded distance from g∞(Σj). Then, passing to a subse-
quence, {gk} converges to a pleated surface realising µj uniformly on every compact
set by the compactness of marked pleated surfaces. (The proof of the compactness
is similar to the incompressible case proved in Theorem 5.2.18 of Canary-Epstein-
Green [20]. It can be found in the proof of The´ore`me 2.3 in Otal [57] how to
generalise this to the compressible case.) In particular, this implies that length(γ∗k)
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Dk
gk(dk)Uεi
∂Uε1
Figure 1. Each intersection with dk contributes 2Dk to the length
of γ∗k .
grows in the same order as w−1k . The closed geodesic γ
∗
k can be projected down
to the geometric limit of {φi(G)} and then can be pulled back by an approximate
isometry to a (Kk, δk)-quasi-geodesic in Mφi(G) which is homotopic to φi(γk) for
sufficiently large i, with Kk → 1 and δk → 0. Then we can see that the closed geo-
desic γ+i representing the conjugacy class of φi([γi]) also has length growing in the
same order as w−1i as i → ∞. (See also the argument in the proof of Lemma 6.12
in [54].) On the other hand, as we showed in the proof of Proposition 5.4, there is a
sequence of weighted simple closed curves rici converging to a measured lamination
µ′j having the same support as µj such that rilength(φi([ci])) goes to 0 as i→∞.
Since in the argument above, wiγi could be taken to be any sequence of weighted
simple closed curves converging to a measured lamination with the same support
as µj , we can let it be rici. Then we reach a contradiction since rilength(φi([ci]))
goes to 0 whereas it was proved above that length(φi([ci]) grows in the order of
r−1i . Thus, we have shown that µj cannot be realised. 
As a consequence of Lemma 6.2, the following holds. (See Lemma 4.4 and
Proposition 4.14 in [54], the former of which is based on the argument of Otal [58].)
Corollary 6.4. For any sequence of weighted simple closed curves {wkγk} con-
verging to a measured lamination with the same support as µj, there is a sequence
of pleated surfaces fk homotopic to Φ|Σj which realise the γk and tend to an end of
(MΓ)0 as k →∞. Moreover, if Σj is not null-homologous in C relative to P , then
the end to which the fk tend is topologically tame and has a neighbourhood homeo-
morphic to Σj × R such that fk is homotopic within Σj × R to a homeomorphism
onto Σj × {pt.}.
Even in the case when Σj is null-homologous, the result of Brock-Souto [13]
implies that Γ is topologically tame.
In this latter case, we do not know a priori if pleated surfaces fk realising wkγk
give a product structure near the end. This makes the argument for the latter case
more complicated.
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6.2. Main proposition. In the remaining of this section, we shall show that Φ(µj)
indeed represents an ending lamination.
Proposition 6.5. In the setting of Theorem 1.2, we can homotope Φ so that the
following holds. There is a nice compact core C′ of (MΓ)0 with P
′ = C′ ∩ ∂(MΓ)0
such that Φ|Σj is a homeomorphism to a component of ∂C′\P ′ and Φ(µj) represents
the ending lamination for the end facing Φ(Σj) for every j = n+ 1, . . . ,m.
Since the proof of this proposition is rather long, taking up most of the rest of
the paper, we shall first summarise our argument before really starting it.
Summary of Proof. We shall first show that we can reduce the general case
to a special case when the compact core C is a compression body. (Lemma 6.6.)
Suppose that C is a compression body. Then, we have only to consider the cases
when Σj represents a non-trivial second homology class relative to P , and when
C is a handlebody and ∂C \ P is connected. In the former case, which is easier
to deal with, a generalised version of Bonahon’s intersection lemma (Lemma 6.7)
implies that Φ can be homotoped to a homeomorphism for which Φ(µj) represents
the ending lamination. Most of our discussion will be devoted to the latter case.
In the latter case, we shall first show that ∂C′ \ P ′ is also connected. (Lemma
6.11.) As a corollary of this lemma, we can show that the convergence of {(Gi, φi)}
to (Γ, φ) is strong. Let ρi be an approximate isometry between MGi and MΓ
associated to the geometric convergence of {Gi} to Γ. In the final step, we shall
consider a pleated surface gi : ∂C →MGi homotopic to Φi realising C1 ∪µ1. (Note
that since ∂C \ P was assumed to be connected, there is only one µj .) We shall
then show that gi is incompressible in the complement of ρ
−1
i (C
′). (Lemma 6.17.)
Using another generalised version of Bonahon’s intersection lemma (Lemma 6.10),
we can finally show that Φ can be homotoped so that Φ(µ1) represents the ending
lamination. 
Now, we start the proof. First we should remark the following.
Lemma 6.6. To prove Proposition 6.5, it is sufficient to deal with the case when
C is a compression body.
Proof. Let µj be one of µn+1, . . . , µm. Take a nice compact core (C
′, P ′) of (MΓ)0,
and homotope Φ so that Φ(C) is contained in C′. Consider the boundary component
of C on which µj , hence also Σj lies, and denote it by S. Let G
S be a subgroup
of G ∼= π1(C) corresponding to ι#π1(S), where ι# denotes the homomorphism
between the fundamental groups induced by the inclusion ι : S → C, and set ΓS
to be φ(GS). Then MGS has a nice compact core C¯ to whose boundary S is lifted
homeomorphically as S¯. The core C¯ is homeomorphic to S×I if S is incompressible,
and is a compression body if S is compressible. Let Σ¯j and µ¯j be the lifts of Σj
and µj to S¯. We denote by Φ¯ a homotopy equivalence from MGS to MΓS induced
by φ|GS .
Now, suppose that Proposition 6.5 is valid under the assumption that a compact
core of MG is a compression body. We shall then apply this for MGS . Using
Lemma 6.1, we can assume that Φ|P is an embedding into P ′. Since we also
know that Proposition 6.5 is true for the case when every boundary component of
∂C \ P is incompressible by the main theorem of [49], this means that there is a
relative compact core (C¯′, P¯ ′) of (MΓS )0 such that Φ¯|Σ¯j is a homeomorphism to
a component of ∂C¯′ \ P¯ ′ facing an end e¯j for which Φ¯(µ¯j) represents the ending
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lamination. Now, Canary’s covering theorem proved in [18] shows that there is an
end ej of (MΓ)0 whose neighbourhood is finitely covered by a neighbourhood of
e¯j. This also implies that there is a component Σ
′
j of ∂C
′ \ P ′ such that Φ|Σj is
homotopic relative to P to a finite-sheeted covering to Σ′j for every j = n+1, . . . ,m.
For Σj with j = 1, . . . , n, we can show that Φ|Σj is a homeomorphism to a
boundary component by using a result of Abikoff as follows. Recall that in Defini-
tion 3.1, the conformal structure ni on S was taken to converge to mj if restricted
to Σj . Let Ω
S be a component of the domain of discontinuity of G such that ΩS/GS
is the surface at infinity corresponding to S, and GΣj a subgroup of GS correspond-
ing to ι#π1(Σj). The quasi-conformal deformation (Gi, φi) of G is realised by a
quasi-conformal homeomorphism hi : S
2
∞
→ S2
∞
. By Lemma 3 of Abikoff [1], there
is an open subset Ω of ΩS invariant under GΣj such that hi|Ω converges to an
equivariant homeomorphism to a component Ω′ of ΩΓ whose stabiliser is φ(G
Σj ).
Since every frontier component of Σj is mapped by Φ to a closed curve representing
a parabolic element, the surface Ω′/φ(GΣj ) is of finite type. Therefore, there is a
frontier component of (MΓ)0 facing Ω
′/φ(GΣj ). Since C′ is a nice compact core,
there is a component of ∂C′ \ P ′ isotopic to this frontier component, which we
denote by Σ′j . Since Σ
′
j carries a group corresponding to φ(G
Σj ) in π1(MΓ) ∼= Γ,
we can homotope Φ|Σj to a homeomorphism to Σ′j .
Therefore, Φ is homotopic to a map whose restriction to every component of ∂C\
P is a finite-sheeted covering. Since Φ|P is an embedding, this implies that Φ|∂C is
a covering into ∂C′. Since Φ|C is a homotopy equivalence, by Waldhausen’s theorem
[66], Φ|C must be homotopic to a homeomorphism to C′, and in particular Φ|Σj
is homotopic to a homeomorphism to Σ′j even for j = n+ 1, . . . ,m. Furthermore,
since Φ¯(µ¯j) represents the ending lamination of e¯j , its projection Φ(µj) represents
the ending lamination of the end of (MΓ)0 facing Σ
′
j . This shows Proposition 6.5
for the original G and Γ. 
We assume from now on until the end of the proof of Proposition 6.5 that C is
a compression body. Recall that we are considering a component Σj of ∂C \ P on
which µj lies. We need to divide the proof into two parts:
(1) the case when Σj represents a non-trivial second homology class of H2(C,P ),
and
(2) the case when Σj is null-homologous relative to P .
Since we are assuming that C is a compression body, (2) corresponds exactly to
the case when C is a handlebody and ∂C \ P is connected. In both of these cases,
we need to use the following Lemma 6.7, which is a generalisation of Proposition
3.4 in Bonahon [7]. Before stating the lemma, we shall define some condition for a
compact core and a compressible surface, which we need to use in the statement of
the lemma.
Let M be a topologically tame hyperbolic 3-manifold, and C′ a nice compact
core of M0. If C
′ is boundary-reducible, Proposition 5.1 in Canary [17] implies
that we can isotope C′ so that the following holds: There is a double branched
covering p : M˜ →M such that M˜ admits a pinched negatively curved metric with
respect to which p is an isometry to its image if restricted to the complement of
p−1(IntC′), and such that p−1(C′) is a boundary-irreducible compact core of M˜
whose interior contains the tubular neighbourhood of the branching locus where
the metric is deformed.
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We call such a compact core C′ adequate with respect to the covering p. We
also say that an embedded surface F in M is liftable (with respect to the covering
p) when F lies outside IntC′ for some adequate C′, hence in particular is lifted
isometrically to M˜ .
Lemma 6.7. Set M = MΓ, and consider an adequate core C
′ of M . Let M0′ be
the complement of some of the cusp neighbourhoods of M . (This may be equal to
M or M0 or something in between.) Let F be a properly embedded compact surface
in M0′ separating U ∼= F × R from M0′ . In the case when F is compressible, we
further assume that F is liftable. We fix a hyperbolic metric mF on F .
Let Σ be a component of ∂C \P and f : Σ→M a map homotopic to Φ|Σ taking
the components of the frontier of Σ to cusps of M . Let {ck} be a sequence of simple
closed curves contained in the Masur domain of Σ whose projective classes converge
to the class represented by a measured lamination Lc in the Masur domain of Σ,
and {dk} either another such sequence or a sequence of simple closed curves in
the Masur domain of F , such that projective classes [dk] converge to the projective
class represented by a measured lamination Ld in the Masur domain of either Σ or
F . Suppose that the closed geodesics c∗k and d
∗
k which are respectively homotopic to
either f(ck), f(dk) or f(ck), dk, depending on the definition of dk, are contained in
U for all k. In the case when the dk lie on F , we further assume that a homotopy
between dk and d
∗
k can be taken to be contained in U∪F . Then, taking subsequences
of {ck} and {dk} and denoting them by the same symbols, there exist sequences of
simple closed curves {Ck} on Σ and {Dk} on either Σ or F with the following
properties.
(i) Let [λc], [λd] be projective laminations to which the projective classes {[Ck]}
and {[Dk]} converge respectively. Then we have i(λc, Lc) = i(λd, Ld) = 0.
(ii) The closed geodesics C∗k , D
∗
k homotopic in M to f(Ck), f(Dk) or f(Ck), Dk
lie in U .
(iii) In the case when the dk lie on F , a homotopy between D
∗
k and Dk can be
taken to lie in U ∪ F .
(iv) Let C¯k be a closed curve on F homotopic to C
∗
k in U ∪F . We set D¯k = Dk
if the dk lie on F , and define D¯k to be a closed curve on F homotopic to
D∗k in U ∪ F otherwise. Then we have an inequality:
i(C¯k, D¯k) ≤ Ke−Dlength(C¯k)length(D¯k),
where D is min{d(C¯k, C∗k), d(D¯k, D∗k)}, the length denotes the geodesic
length with respect to mF , and K is independent of k. To be more precise,
K depends only the pinching constant for the branched covering M˜ and a
positive constant bounding from below the lengths of essential simple closed
curves on F with respect to the metric induced from M .
(v) If ck = dk, we can take Ck, Dk to be equal.
Proof. This lemma was shown by Bonahon in [7] under the assumptions that F
is incompressible and that c∗k and d
∗
k can intersect ǫ-Margulis tubes only at their
core curves for some fixed positive constant ǫ by setting Ck = ck, Dk = dk. (In
this case, the constant K depends only on a constant bounding the lengths of the
essential simple closed curves on F from below. See the argument in the proof of
Proposition 3.4 in [7].)
To remove the assumption of incompressibility, still under the assumption that c∗k
and d∗k intersect ǫ-Margulis tubes only at their axes, we apply Canary’s construction
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of a branched covering. Since we assumed that F is liftable, there is a branched
covering p : M˜ → M , and F is lifted isometrically to an incompressible surface F˜
separating F˜×R from M˜0′ (the lift ofM0′ to M˜), which is contained in a component
of the complement of the boundary-irreducible compact core p−1(C′) of M˜ . Then
we can apply Bonahon’s argument for the case of incompressible surface. The only
difference is that the metric is not hyperbolic in M˜ . (When we realise homotopies
as piecewise totally geodesic ones, they may go out of U and intersect the part
where the curvature is not constant.) Still the argument works since the sectional
curvature is pinched between a negative constant and −1. This affects the constant
K, but in such a way that it only depends on the pinching constant of M˜ .
Now we shall see how to deal with the case when the closed geodesics c∗k and
d∗k intersect Margulis tubes outside the core curves. What we are going to show
is that we can replace ck with Ck and dk with Dk in such a way that neither C
∗
k
nor D∗k intersects thin Margulis tubes outside the core curves. The argument is the
same for ck and dk except for the case when dk lies on F . In the latter case, we
need to show additionally that the condition (iii) is satisfied. We shall deal with
only ck from now on until the last paragraph of the proof, and shall explain how
the condition (iii) is satisfied in the latter case at the end of the proof.
Since ck is a simple closed curve in the Masur domain, there is a pleated surface
fk properly homotopic to f which realises ck as c
∗
k. Since we have only to consider
the case when c∗k is far enough from C¯k and the diameters of the thick parts of
pleated surfaces are uniformly bounded, we can assume that the image of fk is
entirely contained in U .
Suppose that for any small ǫ > 0, there is some fk(S) which intersects an ǫ-
Margulis tube although c∗k is not the core curve of the tube. Then, passing to a
subsequence, we can assume that fk intersects an ǫk-Margulis tube Tk with core
curve different from c∗k such that ǫk → 0. Let mk denote the hyperbolic metric
on Σ induced by fk from M . Since the diameter of the thick part of (Σ,mk)
is uniformly bounded, fk(Σ) can intersect Tk only its thin part. Replacing ǫk if
necessary, with the condition that ǫk ց 0 preserved, this implies that Σ contains
an essential simple closed curve γk with length with respect to mk going to 0 such
that fk(γk) is contained in Tk.
Let Lγ be a measured lamination to whose projective class {[γk]} converges after
passing to a subsequence. By our definition of γk, the closed curve fk(γk) is either
null-homotopic or homotopic to an iteration of the core curve of Tk. If i(Lγ , Lc) = 0,
then Lγ cannot be contained in WC(Σ) since Lc is contained in the Masur domain.
Therefore fk(γk) is homotopic to an iteration of the core curve of Tk. By setting
Ck to be γk, this case is reduced to the case when the c
∗
k intersect Margulis tubes
only at their core curves. Note also that C∗k lies on the core curve of Tk, hence is
homotopic to fk(Ck) in Tk, which is contained in U for large k. Thus we are done
in this case.
Suppose next that i(Lγ , Lc) > 0. It follows that ck intersects γk essentially for
large k. Now, we can show the following claim.
Claim 6.8. In this situation, we can find a piecewise geodesic simple closed curve
δk on (Σ,mk) as follows, after taking a subsequence with respect to k. Here, we
assume that ck and γk have been isotoped to closed geodesics with respect to mk.
(a) δk consists of two arcs, ak on ck and bk on γk.
(b) The free homotopy class of δk is constant with respect to k.
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(c) The length of ak goes to infinity whereas that of bk goes to 0 as k →∞.
(d) At the two endpoints, ak comes to bk from the opposite sides.
Proof. The proof of this claim is similar to the argument which can be found in
Affirmation 2.3.4 of Otal [57]. If we fix a hyperbolic metric m0 on Σ, the simple
closed curves ck and γk, realised as closed geodesics with respect to m0, converge
in the Hausdorff topology, after passing to a subsequence, to geodesic laminations
Λc and Λγ which contain the supports of Lc and Lγ respectively. Since we assumed
that i(Lc, Lγ) > 0, there is a minimal component λc of Λc which is not a simple
closed curve and intersects a minimal component λγ of Λγ transversely. Now, take
an arc a on a leaf of λc and b on a leaf of λγ such that a meets λγ only at its
endpoints, ∂a = ∂b, and at the endpoints, a comes to b from the opposite sides of
the leaf containing b.
Since ck converges to Λc ⊃ λc and γk converges to Λγ ⊃ λγ , there are arcs ak
on ck and bk on γk sharing their endpoints, which converge to a and b on (Σ,m0)
with respect to the Hausdorff topology. We set δk = ak ∪ bk. Realise ck and γk as
closed geodesics with respect to mk and we denote the arcs on them corresponding
to ak and bk by the same symbols. We shall show that these ak, bk and δk have the
required properties.
The properties (a) and (d) follow from our definition of ak and bk. Since ak and bk
on (Σ,m0) converge to a and b in the Hausdorff topology, if we take a subsequence,
we can assume that the homotopy class of δk is constant, which shows (b). Since
the length of γk with respect to mk goes to 0, the length of bk goes to 0, and the
arc ak which traverses a thick annulus around γk must have length going to∞ with
respect to mk. This completes the proof of our claim. 
Now we return to the proof of Lemma 6.7. Recall that ak is mapped geodesically
into c∗k by fk. Since the length of bk goes to 0, we see that fk(δk) must represent a
non-trivial free homotopy class and the closed geodesic δ∗k homotopic to fk(δk) stays
within a distance going to 0 as k →∞ from fk(δk), and its length goes to infinity
as k → ∞. This is a contradiction since δk represents a constant free homotopy
class. Thus we have shown that i(Lγ , Lc) = 0 always holds and this completes the
proof except for the case when the dk lie on F .
Now finally, we consider the case when the dk lie on F . We consider the inclusion
ι : F → M0 in place of f in the argument above. All the argument works without
any modification except for the proof of the condition (iii). We shall now show
that the condition (iii) holds. There is a pleated surface ιk : F →M0′ realising dk
which is homotopic to ι. In general, a homotopy between ι and ιk may not lie in
U ∪ F . Still, since F is liftable, there is a simple closed curve Dk on F homotopic
to d∗k in U ∪ F . The closed curves Dk and d∗k are lifted to a simple closed curve
d˜k on the lift F˜ of F and a closed geodesic d˜
∗
k which is homotopic to d˜k. We can
see that for large k there is a pleated surface in M˜0′ realising d˜k as d˜
∗
k homotopic
to the inclusion of F˜ . Such a pleated surface is projected to a pleated surface in U
which is homotopic to the inclusion of F in U ∪F . By redefining ιk to be a pleated
surface obtained as this and apply the argument as above considering ιk in place
of fk, we get the condition (iii). 
6.3. The case when Σj is homologically non-trivial. Now we reformulate
Proposition 6.5 in the case (1) in the alternatives in p. 28, and shall prove it.
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Lemma 6.9. Suppose that either C is not a handlebody or ∂C \P is disconnected.
Let (C′, P ′) be a nice compact core of (MΓ)0 which is adequate with respect to a
branched covering. Then, Φ can be homotoped so that Φ|Σj is a homeomorphism
to a component of ∂C′ \ P ′ and Φ(µj) represents the ending lamination of the end
facing that component for every j = n+ 1, . . . ,m.
Proof. By Corollary 6.4, there is a sequence {fk} of pleated surfaces which realise
wkγk converging to µj and tend to a topologically tame end e of (MΓ)0 with a
neighbourhood homeomorphic to Σj ×R. Let γ∗k be the closed geodesic homotopic
to Φ(γk) which is contained in the image of fk. By properly isotoping C
′, we can
assume that this neighbourhood Σj × (0,∞) is a component of the complement of
C′ in (MΓ)0 with Σj × {0} identified with a component of ∂C′ \ P . Let π be the
projection of Σj×[0,∞) to Σj×{0}. Since fk(Σj) is homotopic to Σj×{pt.} within
Σj×R by Corollary 6.4, we see that π◦fk is homotopic to a homeomorphism, which
we shall denote by hk. Note moreover that hk can be extended to a map from C to
C′ inducing an isomorphism between the fundamental groups which is conjugate
to φ.
Now, since e is topologically tame and geometrically infinite (for fk tends to e),
there is a measured lamination λ on Σj × {0} representing the ending lamination
for e, which is contained in the Masur domain M(Σj × {0}). This means that
there is a sequence of weighted simple closed curves {skdk} converging to λ in
M(Σj × {0}) such that there are closed geodesics d∗k in Σj × (0,∞) tending to e
which are homotopic to the dk in Σj × [0,∞). On the other hand, as was seen
above, hk(γk) is homotopic to γ
∗
k in Σj × [0,∞).
Since both γ∗k and d
∗
k tend to the end of (MΓ)0 contained in Σj×[0,∞) as k →∞,
by Lemma 6.7, there are sequence of simple closed curves Ck on Σj and Dk on Σj×
{0} such that Ck/length(Ck) andDk/length(Dk) converge to measured laminations
LC , LD on Σj and Σj × {0} respectively with i(LC , µj) = 0, i(LD, λ) = 0 and
i(
Dk
length(Dk)
,
hk(Ck)
length(hk(Ck))
) → 0. This implies that {hk(Ck)/length(hk(Ck))}
converges to a measured lamination with the same support as λ since λ is arational,
hence in particular, is contained in M(Σj × {0}) for large k. Since µj is also
arational and contained in the Masur domain, LC has the same support as µj ,
hence in particular is also contained in the Masur domain. Therefore Ck lies in the
Masur domain of Σj for large k.
Since both {[Ck]} and {[hk(Ck)]} converge in the projectivised Masur domains,
and the group of homeomorphisms of Σj ×{0} which are homotopic to the identity
in C′ acts on the projectivised Masur domain properly discontinuously, this implies
that for sufficiently large k, the homeomorphism hk does not depend on k. We
denote hk for such large k by h. Since λ, hence also LD, represents the ending
lamination for e, so does h(LC), hence also h(µj). Since Φ|Σj is homotopic to h
in (MΓ)0, this shows that we can homotope Φ near Σj so that Φ|Σj is a home-
omorphism to Σj × {0} and Φ(µj) represents the ending lamination for the end
facing it. Since we can achieve this only changing Φ near Σj , we can repeat the
same operation for each Σj , one by one for all j = n+ 1, . . . ,m, and complete the
proof. 
6.4. Uniform version of Lemma 6.7 for the case (2). In Lemma 6.7, the
hyperbolic 3-manifold in which the closed geodesics lie is fixed. We need to consider
a sequence of hyperbolic 3-manifolds and a pair of sequences of closed geodesics
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contained in them, one pair in each manifold, for the proof of the case (2) in the
alternatives in p. 28. We start with clarifying the setting of our situation where we
need to use the lemma.
Suppose that the nice compact core C of MG is a handlebody and ∂C \ P is
connected. (This is equivalent to the assumption of (2) since we are assuming that
C is a compression body.) Let C′ be a nice compact core of (MΓ)0 as before. Since
Γ ∼= G is a free group, C′ is also a handlebody. We further assume that ∂C′ \ P ′
is connected. (It will be proved in Lemma 6.11 that this always holds in the case
(2).) Suppose that {φi} converges to φ strongly, i.e. {φi(G) ∈ AH(G)} converges
to Γ = φ(G) also geometrically. (This will be proved to be the case in Lemma
6.14.) Set Mi = Mφi(G) and M = MΓ. Fix a branched covering p∞ : M˜ → M
obtained by Canary’s construction as was explained just before Lemma 6.7 . Since
{Gi} converges strongly to Γ, we can take branched coverings pi : M˜i →Mi so that
M˜i converges geometrically to M˜ and approximate isometries are equivariant with
respect to the covering translations. (Refer to Chapter 5 of [54] for a proof of this
fact.) We assume that (C′, P ′) is a nice compact core of M which is adequate with
respect to p∞. Let F∞ be ∂C
′ \ P ′ for this adequate C′ separating U ∼= F∞ × R
from M0. We denote by ρi an approximate isometry between Mi and M , which we
can assume to be C∞, and set Fi = ρ
−1
i (F∞∪P ′) = ρ−1i (∂C′). We fix a hyperbolic
metric m∂C′ on F∞, and let mFi be its pull-back ρ
∗
i (m∂C′). Suppose that Fi is
an embedded surface in (Mi)0 which is liftable with respect to pi and separates
Ui ∼= Fi × R from (Mi)0. (We shall show that we can take C′ so that this is the
case in Lemma 6.15.)
Let Σ be ∂C \ P , which we assumed to be connected. Also, let fi : Σ → Mi be
a map taking each component of the frontier to a closed geodesic such that ρi ◦ fi
converges uniformly on every compact set in IntΣ to f : Σ→M homotopic to Φ|Σ
taking each component of the frontier to a cusp.
Lemma 6.10. In this situation, suppose that {ck} is a sequence of simple closed
curves on Σ such that {rkck} converges in the Masur domain of Σ to a measured
lamination Lc and that {dk} is one on either Σ or F∞ such that {skdk} converges
in the Masur domain of either Σ or F∞ to a measured lamination Ld. Suppose
that the closed geodesics c∗i and d
∗
i which are homotopic to fi(ci) and either fi(di)
or ρ−1i (di) respectively are contained in Ui for each i, and that both dMi(c
∗
i , Fi)
and dMi(d
∗
i , Fi) go to ∞ as i→∞. Furthermore, we assume that d∗i is homotopic
to ρ−1i (di) in Ui ∪ Fi in the case when the dk lie on F∞. Then, after taking a
subsequence of {φi}, there exist sequences of simple closed curves {Ci} on Σ and
{Di} on either Σ or F∞ depending on where the dk lie, with the following properties.
(i) In the projective lamination space of Σ and that of either Σ or F∞ respec-
tively, {[Ci]} converges to a projective lamination [µc] and {[Di]} converges
to [µd] such that i(µc, Lc) = 0 and i(µd, Ld) = 0.
(ii) The closed geodesics C∗i , D
∗
i , which are homotopic in Mi to fi(Ci) and
either fi(Di) or ρ
−1
i (Di) respectively, lie in Ui.
(iii) The closed geodesic D∗i is homotopic to ρ
−1
i (Di) in Ui ∪ Fi in the case
when the dk lie on F∞.
(iv) Let C¯i, D¯i be the closed curves on Fi homotopic to C
∗
i , D
∗
i in Ui∪Fi. (This
implies that D¯i = Di in the case when the dk lie on F∞.) Then C¯i, D¯i are
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disjoint from ρ−1i (P
′), and we have
i(C¯i, D¯i)
length(C¯i)length(D¯i)
→ 0,
where length denotes the geodesic length with respect to mFi .
(v) If ck = dk, then we can take Ck and Dk to be equal.
Proof. First we consider the case when c∗i , d
∗
i do not intersect ǫ-Margulis tubes
outside their core curves. The infimum of the lengths of essential closed curves on
Fi with respect to the metric induced fromMi converge to that of F∞ with respect
to the metric induced from M , hence a lower bound of the lengths can be taken to
be independent of i. On the other hand, since M˜i converges to M˜ geometrically,
and since M˜i has a hyperbolic metric outside a compact set which converges to a
compact set of M˜ as i → ∞, there is a negative constant uniformly bounding the
sectional curvatures of the M˜i below. Since the constant K in Lemma 6.7 depends
only on these two, we see that we get the conclusion by setting Ci = ci, Di = di in
this case.
Now we shall consider the case when for any small ǫ > 0, there exists i such that
the closed geodesic c∗i or d
∗
i intersects an ǫ-Margulis tube of Mi outside the core
curve. As in the proof of Lemma 6.7, we have only to consider c∗i . By extracting
a subsequence with regard to i, we can assume that there exists ǫi → 0 such that,
the closed geodesic c∗i , which lies in Mi, intersects an ǫi-Margulis tube Ti in Mi
outside the core curve for each i.
Let hi : (Σ, σi)→Mi be a pleated surface with boundary homotopic to fi relative
to FrΣ which realises ci as c
∗
i . Let s be a component of the frontier of Σ. Then
hi(s) is a closed geodesic whose length goes to 0 as i → ∞ since φ(s) represents a
parabolic class whereas φi(s) does not. Therefore, hi(s) is the core curve of some
Margulis tube for large i. This means that each component of the frontier of Σ is
either disjoint from or contained in h−1i (Ti). By a simple computation of area using
a polar coordinate, we see that for any A ∈ R, there exists i0 ∈ N such that for
i ≥ i0, if h−1i (Ti) contains a component with inessential boundary components, then
one of the inessential boundary components bounds a disc on Σ whose area with
respect to σi is greater than A. We let such A be greater than Area(Σ), which does
not depend on i by the Gauss-Bonnet formula. Then all the components of h−1i (Ti)
are incompressible on Σ for i ≥ i0, and we see in particular that h−1i (Ti) contains
a simple closed curve γi which is essential on Σ. (We regard even peripheral curves
as essential here.)
Passing to a subsequence, we can assume that [γi] converges to a projective
lamination [Lγ ] in PML(Σ). If i(Lc, Lγ) = 0, as in Lemma 6.7, hi(γi) is essential
in Mi for large i. By defining Ci to be γi, we can apply the argument for the case
when the closed geodesics do not intersect Margulis tubes outside the core curves
and get the inequality as we wanted. On the other hand, for any core curve δ of a
component of P ′, the geodesic length of ρ−1i (δ) in Mi goes to 0. Therefore by the
same inequality, we see that the projection of fi(Ci) to Fi in Fi∪Ui is disjoint from
ρ−1i (P
′) for large i.
Next assume that i(Lc, Lγ) > 0. Then applying Claim 6.8 in the proof of Lemma
6.7, we get a piecewise geodesic simple closed curve δi on (Σ, σi) representing a
constant free homotopy class with regard to i such that the closed geodesic δ∗i
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homotopic to hi(δi) lies within a distance going to 0 from hi(δi) and has length
going to infinity. This contradicts the fact that Gi converges algebraically.
In the case when dk lies on F∞, we define Di to be the projection of D
∗
i to Fi in
Ui ∪Fi. Then Di converges to a projective lamination [µd] with i(Ld, µd) = 0 since
di is homotopic to d
∗
i in Ui∪Fi, and we can use the same argument as in the proof of
Lemma 6.7 taking into account the fact that M˜i converges to M˜ geometrically. 
6.5. Connectedness of ∂C′\P ′ and strong convergence. Now we return to the
general situation of the case (2) when C is a handlebody and ∂C \ P is connected.
Since in this case, n = 0 and m = 1 in the statement of Theorem 1.2, we denote
the only one µj , which is µ1, by µ, and Σj by Σ. Also since Γ is free and topologi-
cally tame, MΓ is homeomorphic to an open handlebody and Φ is homotopic to a
homeomorphism. Therefore, we can assume that Φ is a homeomorphism.
Lemma 6.11. Let (C′, P ′) be a nice compact core of (MΓ)0 which is adequate with
respect to a branched covering. Then, ∂C′ \ P ′ is also connected.
Proof. Recall that, by Lemma 6.2, we have a sequence of pleated surfaces fk : Σ→
(MΓ)0 homotopic to Φ|Σ relative to P tending to an end e of (MΓ)0, which realise
{wkγk} converging to µ as k →∞. Let Σ′ be a component of ∂C′ \ P ′ facing this
end e. Since C′ is nice, the component of the complement of C′ in (MΓ)0 facing
Σ′ is homeomorphic to Σ′ × (0,∞) with Σ′ ×{0} identified with Σ′, and the image
fk(Σ) is contained in Σ
′ × (0,∞) for every k after passing to a subsequence. This
implies that fk(Σ) is homotoped within Σ
′× (0,∞) into Σ′×{pt.}. By a standard
argument as in §4.E of [54], in which a subsequence of {fk} is extended to a family
of pleated surfaces (allowed to be not constantly curved but negatively curved)
realising an half-open arc tending to µ, we can show that the fk are homotopic
in Σ′ × (0,∞) after passing to a subsequence. Since (fk)#π1(Σ) carries the entire
π1(C
′) ∼= Γ, this implies that π1(Σ′) also carries the entire π1(C′). This means that
(C′, P ′′) is either a relative compression body having Σ′ as its exterior boundary
or a product I-bundle as a pair, where P ′′ is the union of the components of P ′
intersecting FrΣ′.
If (C′, P ′′) is a relative compression body with empty interior boundary, then
Σ′ = ∂C′ \ P ′ and we are done. Therefore, we can assume that (C′, P ′′) is either a
relative compression body with non-empty interior boundary or homeomorphic to
Σ′ × [−1, 0]. In either case, ∂C′ \ P ′ has a component with negative Euler charac-
teristic other than Σ′. On the other hand, we can show the following lemma which
contradicts this fact. Once we prove this lemma, we shall reach a contradiction and
the proof of Lemma 6.11 will be completed.
Lemma 6.12. If ∂C′ \P ′ is not connected, then ∂C′ \P ′ cannot have a component
with negative Euler characteristic other than Σ′.
Proof of Lemma 6.12. Let π : Σ′ × [0,∞) → Σ′ be the projection to the first
factor. Since the fk are all homotopic in Σ
′ × (0,∞), their projections π ◦ fk are
all homotopic. Note that fk can be extended to a map from ∂C to ∂C
′ by taking
each component of P to an annulus on Fr(MΓ)0. Therefore, we can take a map
p : ∂C → Σ′ with p(P ) ⊂ P ′′ whose restriction to Σ is homotopic to all the π ◦ fk
relative to P ′. Furthermore this map can be extended to a map p¯ from C to C′
since both of them are handlebodies and Φ is a homotopy equivalence.
Suppose first that p|Σ is not a degree-0 map to Σ′ relative to P ′′. Then fk(Σ)
represents a non-trivial second homology class in Σ′×R relative to ∂(MΓ)0. Recall
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that {fk} extends to a continuous family of (negatively curved) pleated surfaces
ρ : Σ× [0,∞)→ Σ′ × [0,∞) such that ρ( , k) = fk and ρ|Σ× {t} tends to the end
e as t → ∞. Then the argument in Claim 3 of §4.E in [54] shows that ρ can be
deformed so that ρ|Σ×(t0,∞) is a homeomorphism onto a neighbourhood of e, and
in particular that fk is homotopic to a homeomorphism to Σ
′ × {t} in Σ′ × (0,∞)
for large k. By extending the homeomorphism to P , we see that Σ′ ∪P ′′ must be a
closed surface homeomorphic to ∂C then. This implies in particular that Σ′ is the
only component of ∂C′ \ P ′ contradicting our assumption, and we are done.
Therefore, we can assume that p|Σ has degree 0 relative to P ′′ from now on.
Since p(P ) ⊂ P ′′, the map p itself is also a degree-0 map from ∂C to Σ ∪ P ′′.
Then the simple loop conjecture proved by Gabai [25] gives us an essential simple
closed curve c on ∂C such that p(c) inessential on Σ′ ∪ P ′′. Since (C′, P ′′) is
either a relative compression body with exterior boundary Σ′ or a trivial I-bundle
over Σ′, the union of annuli P ′′ is just a collar neighbourhood of FrΣ′. Therefore
the degree-0 map p from ∂C to Σ′ ∪ P ′′ can be regarded as a map to Σ′. Since
Φ is a homotopy equivalence, in this situation, c must bound a compressing disc
in C. Performing compression of ∂C along this disc, we get a surface Σ1 which
contains the complement of a thin neighbourhood of c in Σ and is disconnected if
the compressing disc is separating, and a map p′ : Σ1 → Σ′ whose restriction to
Σ∩Σ1 coincides with p|Σ∩Σ1. Let P1 be the union of annulus components among
Σ1 ∩ P . Suppose that there is a component Σ¯1 of Σ1 such that p′|Σ¯1 has non-
zero degree as a map from (Σ¯1, P1 ∩ Σ¯1) to (Σ′, P ′′). Then we can also compress
ρ to get a map ρ1 : Σ¯1 × [0,∞) → Σ′ × [0,∞) such that ρ( , t) tends to e as
t→∞. Repeating the previous argument for the non-zero degree case, we see that
ρ1((Σ¯1\IntP1)×(t0,∞)) is a homeomorphism to a neighbourhood of e. This implies
that p′#(π1(Σ¯1)) carries the fundamental group of Σ
′ hence the entire π1(C
′). This
is a contradiction since Σ¯1 cannot carry the entire fundamental group of C. Thus
we have shown that p′ has degree 0 on each component of Σ1.
Therefore, using this argument repeatedly and extending the map to compressing
discs, we can extend p to a map from C to Σ′. Let ι be the inclusion of ∂C to
C. What has been shown above implies that Kerι# ⊂ Kerp#. Since Φ# is an
isomorphism, we see that Kerp# ⊂ Kerι#, hence Kerι# = Kerp#.
Now fix a hyperbolic metric on Σ′ which makes each component of the frontier
an open end. We need to use the following fact.
Claim 6.13. We can define a continuous map p∗ from M(Σ′) to the space of the
geodesic currents on Σ′ such that
(i) when µ is a simple closed geodesic inM(Σ′), its image p∗(µ) is the geodesic
current corresponding to the closed geodesic homotopic to p(µ), and
(ii) when p(µ) is homotopic to a measured lamination on Σ′, which we denote
again by p(µ), the geodesic current p∗(µ) coincides with p(µ) regarded as
a geodesic current.
Proof. Consider the universal covering ρ : H2 → Σ′ and let Λ be the limit set in
S1
∞
of the covering translations by π1(Σ
′). Recall that a geodesic current on Σ′ is
defined to be a measure on G = (Λ × Λ \ ∆)/Z2 which is invariant under π1(Σ′),
where ∆ denotes the diagonal and Z2 acts as the interchange of the two factors.
(Refer to Bonahon [7] and [8].)
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Let µ be a measured lamination contained in the Masur domain of Σ. By Lemma
5.2, µ ∪ C1 lies in D(C). Let ∂˜C be the covering of ∂C associated to the kernel of
the homomorphism ι# : π1(∂C) → π1(C) induced from the inclusion ι. Note that
the map p is covered by a map between the coverings p˜ : ∂˜C → H2 since Kerι# is
contained in Kerp#.
Moreover, since Kerι# = Kerp#, the map p˜ is proper and takes the ends of ∂˜C
to Λ injectively. Since µ∪C1 lies in D(C), by Lemmata 3.1 and 3.3 in Lecuire [31],
each lift of a leaf of µ connects two distinct points of the ends. It follows that the
map p˜ takes a lift of each leaf of µ to an open arc in H2 ending at two distinct points
of Λ. The ends of ∂˜C can be regarded as embedded on the Riemann sphere as the
limit set Λ0 of a Schottky group. (See p.11 of Otal [57] and §4 of Kleineidam-Souto
[29].) Then the observation above shows that p˜ induces a continuous embedding
from Λ0, identified with the set of the ends of ∂˜C, to Λ. The transverse measure of
µ defines a measure on (Λ0 ×Λ0 \∆0)/Z2 invariant under the covering translation
group, where ∆0 denotes the diagonal of Λ0 × Λ0. We push forward this measure
to (Λ×Λ\∆)/Z2 and takes the sum of all of its distinct translates by π1(Σ′). This
geodesic current is defined to be p∗(µ). We can easily check this coincides with
the usual definition of geodesic currents corresponding to closed curves when µ is a
simple closed curve in M(Σ). The continuity of p∗ then follows from the fact that
Λ0 is embedded into Λ. It is obvious from our construction that in the case when
p(µ) is a measured lamination on Σ′, if we regard p(µ) as a geodesic current, then
it coincides with our geodesic current p∗(µ). 
Now, we return to the proof of Lemma 6.12. Let λ be a measured lamination
representing the ending lamination of the end e facing Σ′. Let {skdk} be a sequence
of weighted simple closed curves converging to λ such that the closed geodesic d∗k
homotopic to dk in Σ
′ × [0,∞) tends to the end e as k →∞.
Regard wkp(γk) as a weighted closed geodesic with respect to the hyperbolic
metric as we fixed before Claim 6.13. Then wkp(γk) converges to some geodesic
current on Σ′ by Claim 6.13. Since the closed geodesic fk(γk), which is homotopic
to p(γk) in Σ
′ × [0,∞), tends to the end e in Σ′ × [0,∞), by Lemma 6.7, there are
sequences of simple closed curves {Ck} on Σ and {Dk} on Σ′ with conditions in the
statement of Lemma 6.7 such that
lim
k→∞
i(
p∗(Ck)
length(p∗(Ck))
,
p∗(Ck)
length(p∗(Ck))
) = 0
and
lim
k→∞
i(
p∗(Ck)
length(p∗(Ck))
,
Dk
length(Dk)
) = 0.
As in Lemma 6.7, Ck/length(Ck) converges to a measured lamination µ
′ having
null-intersection number with µ. Since µ is arational, this means that µ′ has the
same support as µ. Since µ′ is also contained in the Masur domain, by Claim 6.13,
{p∗(Ck)/length(Ck)} converges to the geodesic current p∗(µ′). We should also note
that there is a constant L such that length(p∗(Ck)) ≤ length(p(Ck)) ≤ Llength(Ck),
where Ck is assumed to be a closed geodesic. Note that in contrast, p(Ck) may not
be a closed geodesic and length(p(Ck)) is not the geodesic length. Therefore we
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have
i(p∗(µ
′), p∗(µ
′)) = lim
k→∞
i(
p∗(Ck)
length(Ck)
,
p∗(Ck)
length(Ck)
)
≤ L2 lim
k→∞
i(
p∗(Ck)
length(p∗(Ck))
,
p∗(Ck)
length(p∗(Ck))
) = 0.
This means that p∗(µ
′) is a measured lamination by Proposition 17 in Bonahon
[8]. Since µ has the same support as µ′, this implies that p∗(µ) is also a measured
lamination with the same support as p∗(µ
′) by our definition of p∗. On the other
hand, {Dk/length(Dk)} converges to a measured lamination λ′ such that i(λ, λ′) =
0. Since λ is arational, this means that λ′ has the same support as λ. The equation
above implies that i(p∗(µ
′), λ′) = 0, hence i(p∗(µ), λ) = 0. Since λ is arational, it
follows that p∗(µ) has the same support as λ.
Recall that we denote the union of core curves of P by C1. Let h : C → C′ be
a homeomorphism inducing φ between π1(C) ∼= G and π1(C′) ∼= Γ, which we know
to exist because both C and C′ are handlebodies. Recall that p can be extended
to a map from C to C′ which is homotopic to h in C′ as was shown before Claim
6.13. By Lemma 5.2, we see that h(µ ∪C1) is contained in D(C′).
Consider a convex cocompact hyperbolic metric on IntC′, and denote the convex
cocompact 3-manifold by N . Since h(µ∪C1) lies in D(C′), it is realised by a pleated
surface g : ∂C′ → N homotopic to (a perturbation into IntC′ of) the inclusion such
that g∗ embeds the lift of h(µ) into the unit tangent bundle T1(N). (See Theorem
5.5 Lecuire [32].) Since p extends to a map homotopic to h, we see that p∗(µ),
which has turned out to be a measured lamination, is homotopic to h(µ) in C′.
Therefore the support of h(µ) is homotopic to that of λ in C′, and if we forget the
transverse measures, the image of g ◦ h(µ) coincides with the realisation of λ by a
pleated surface g′ : ∂C′ → N homotopic to the inclusion.
We see that leaves of h(µ) isolated from one side are identified with those of λ
since both g and g′ induce embeddings into the unit tangent bundle T1(N) of h(µ)
and λ. Therefore the complementary regions of µ correspond one-to-one to those
of λ with the number of sides preserved. Recall that every complementary region
of h(µ) except for the ones containing components of h(C1) is simply connected.
Therefore we see that λ cannot a complementary region which has negative Euler
characteristic by simply calculating the area. 
By the fact which we showed just before Lemma 6.12, we are lead to a contra-
diction whether p|Σ has degree 0 or not, if (C′, P ′′) is a relative compression body
with non-empty interior boundary or (C′, P ′′) ∼= (Σ′, ∂Σ′) × I. Therefore, we see
that the only possibility is that ∂C′ \ P ′ = Σ′, which is connected. We have thus
completed the proof of Lemma 6.11 
The following derives from the covering theorem of Canary [18].
Lemma 6.14. In the present case (2) of the alternatives in p.28, the convergence
of {(Gi, φi)} to (Γ, φ) is strong.
Proof. By taking a subsequence, we can assume that {φi(G)} converges geometri-
cally to a Kleinian group G∞ containing Γ. Let q : MΓ → MG∞ be the covering
associated to the inclusion Γ ⊂ G∞. Since (MΓ)0 has only one end by Lemma 6.11,
which is topologically tame, q must be finite-sheeted by Canary’s covering theorem
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[18]. This implies that Γ = G∞ by the argument in §9.3 in Thurston [63] (see
Lemma 2.3 in Ohshika [50] for a detailed proof). 
6.6. Proof of Proposition 6.5 for the case when Σ is null-homologous.
Now we are ready to start the proof of Proposition 6.5 in the case (2) of p.28.
Proof of Proposition 6.5 in the case (2). Consider a nice compact core (C′, P ′) of
(MΓ)0 which is adequate with respect to a branched covering M˜ → MΓ by a
negatively curved manifold obtained by Canary’s construction. Then ∂C′ \ P ′ is
liftable, and by Lemma 6.11, is connected. We denote the complement of C′, which
has a product structure, by ∂C′ × (0,∞) identifying ∂C′ × {0} with ∂C′.
Set Mi =Mφi(G). Let x be a point in H
3, and set its images in Mi and MΓ un-
der the universal covering projections to be basepoints xi and x∞. Since {(Gi, φi)}
converges to (Γ, φ) strongly by Lemma 6.14, there is a (Ki, Ri)-approximate isom-
etry ρi : BRi(Mi, xi) → BKiRi(MΓ, x∞) with Ri → ∞ and Ki → 1, which can
be assumed to be a diffeomorphism to its image. Furthermore, ρ−1i (C
′) is a com-
pact core of Mi and Φi can be homotoped so that Φi|C is a homeomorphism onto
ρ−1i (C
′) for every i if we extract a subsequence. Also, ρi ◦ Φi|C is homotopic to
Φ|C in MΓ.
Take a generator system g1, . . . gs of G, and for each i, let bi be a bouquet in
Mi consisting of the geodesic loops representing φi(g1), . . . , φi(gs) based at xi. We
note that the boundary of the convex core of Mi is incompressible outside bi. The
sequence of bouquets {bi} converges geometrically to a bouquet b∞ in MΓ based at
x∞ representing φ(g1) . . . , φ(gs). We can choose an adequate compact core (C
′, P ′)
which contains the bouquet b∞. Then ∂C
′ is incompressible outside b∞. Also,
passing to a subsequence and enlarging C′ in its regular neighbourhood, we can
assume that ρ−1i (C
′) contains bi.
Lemma 6.15. By enlarging C′ further within (MΓ)0 preserving its adequacy, we
can make ρ−1i (C
′) also an adequate compact core for any large i (with respect to
the covering pi : M˜i →Mi).
Proof. Since C′ is adequate, we can assume that ρ−1i (C
′) contains a branching locus
of the covering pi for every i by taking a subsequence. What remains to show is
that the complement of ρ−1i (C
′) has a product structure.
Fix some simple closed curve d contained in D(C). We assume that d is not
contained in C1. Since the bending lamination, which we denote by βi, of the
convex core C(Mi) of Mi is contained in D(C) and D(C) is arcwise connected
(Proposition 4.2 in Lecuire [32]), we can connect d and βi by an arc in D(C). This
gives rise to a continuous family of pleated surfaces and negatively curved pleated
surfaces in Mi realising a homotopy Hi between a pleated surface realising d and
the boundary of the convex core C(Mi). (This fact can be shown by the argument
in §4.E of [54], simply replacing the Masur domain by D since it was shown that
every lamination in D is realised in Mi by Theorem 5.1 in [32].) Since pleated
surfaces realising d in the Mi converge geometrically to one in MΓ realising d, there
is a uniform bound for both their diameters and the distances from them to the
ρ−1i (C
′). By enlarging C′, we can assume that ρ−1i (C
′) contains the pleated surface
realising d for every i.
For any sufficiently large i, the homotopy Hi contains a sub-homotopy H
′
i be-
tween a pleated surface touching the boundary of ρ−1i (C
′
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the convex core of Mi, whose image is disjoint from the bouquet bi. We can
see as follows that there is an upper bound independent of i for the diameters
modulo the ǫ-Margulis tubes in Mi of the pleated surfaces (and negatively curved
pleated surfaces) constituting H ′i. Suppose, seeking a contradiction, that such an
upper bound does not exist. Then, there exist a (negatively curved) pleated sur-
face fi constituting H
′
i and a sequence of simple closed curves δi on ∂C such that
length(fi(δi)) → 0 and fi(δi) is not contained in an ǫ-Margulis tube. Then fi(δi)
must be null-homotopic. Since fi is homotopic to ∂C(Mi) outside bi, and any com-
pressing disc of C(Mi) intersects bi, we see that fi(δi) bounds a singular disc with
area going to 0 which intersects bi essentially. By taking an annular neighbourhood
of δi on ∂C with height going to ∞, consisting of circles of small lengths all of
which bound singular discs with area going to 0, we see that the length of some arc
bi has length going to ∞ as i→∞. (Refer to the proof of Lemma 6.2 in [54] for a
similar argument.) This is a contradiction.
In a similar way, we can show that the distance between bi and ∂C(Mi) goes
to ∞ as follows. We refer the reader to the proof of Theorem 2.1 in [50] for
a detailed account of the argument which we shall give briefly below. Suppose,
seeking a contradiction, that the distance is bounded after taking a subsequence.
There is a positive lower bound for the lengths of compressing curves on ∂C(Mi)
since any compressing disc must intersect bi essentially, and we can argue as in
the previous paragraph. Since the total length of bi is bounded as i → ∞, if the
distance between bi and ∂C(Mi) is bounded, so is the distance from xi to ∂C(Mi).
Therefore, choosing a basepoint within a bounded distance from xi, the surface
∂C(Mi) converges geometrically to a pleated surface in MΓ as i → ∞. Although
the limit surface may not be embedded, it can be approximated by an embedded
surface arbitrarily closely because the ∂C(Mi) are embedded. The approximating
surfaces are separating in (MΓ)0 since ∂C(Mi) is separating. Recall that by Lemma
6.11, (MΓ)0 has only one end, which is geometrically infinite. Therefore, there are
closed geodesics in a non-compact component of the complement of an embedded
surface approximating the limit surface, arbitrarily far from the limit surface. Take
such a closed geodesic c∞ sufficiently far from the limit surface. We can pull back
c∞ to Mi by ρ
−1
i for large i as a quasi-geodesic converging to c∞ geometrically. It
follows that the closed geodesic homotopic to ρ−1i (c∞) is also far from ∂C(Mi), and
is not contained in C(Mi). This contradicts the fact that every closed geodesic lies
in C(Mi).
Since ∂C(Mi) is incompressible inMi\bi, so is every surface constituting H ′i. By
the standard technique using Freedman-Hass-Scott [24], we see that H ′i gives rise to
a product structure ∂C × [0, 1] starting from a surface within a uniformly bounded
distance from ρ−1i (C
′) and ending at ∂C(Mi) such that ∂C ×{t} is incompressible
in Mi \ bi and has diameter modulo the ǫ-Margulis tubes uniformly bounded from
above. To be more precise, we can homotope H ′i in the complement of bi to an
embedding H ′′i : ∂C × [0, 1] → C(Mi) such that H ′′i (∂C × {0}) lies within the R-
neighbourhood of ρ−1i (C
′), H ′′i (∂C×{1}) = ∂C(Mi), and the diameter of H ′′i (∂C×
{t}) modulo the ǫ-Margulis tubes is bounded by a constant independent of t and i.
We can fix a positive number K so that for every large i there exists Fi = H
′′
i ( , ti)
such that Fi(∂C) intersects the K-neighbourhood of ρ
−1
i (C
′) whereas H ′i( , [ti, 1])
is disjoint from the K/2-neighbourhood of ρ−1i (C
′). (To show such K exists, we use
the facts that the diameters modulo the ǫ-Margulis tubes of surfaces constituting
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H ′i are uniformly bounded, which was proved above and that the distance from xi
to ∂Ci goes to ∞.) Then for large i, its push-forward ρi ◦ Fi(∂C) is contained in
∂C′ × (0,∞).
If ρi ◦ Fi is compressible in ∂C′ × (0,∞), it can be compressed in an arbitrary
∂C′ × [a, b] containing the image of ρi ◦ Fi; hence Fi must be also compressible in
Mi\bi, which is a contradiction. Therefore, ρi◦Fi is incompressible in ∂C′×(0,∞).
Since the diameters of the ρi ◦ Fi modulo the ǫ-thin part are bounded above and
Fi(∂C) intersect the K-neighbourhood of ρ
−1
i (C
′), there exists L > 0 such that
∂C′ × (0, L) contains all the ρi ◦ Fi(∂C). Since Fi is homotopic to H ′′i ( , t) in
the complement of ρ−1i (C
′), the product structure induced from ρ−1i (∂C
′ × (0, L))
and that of ∂C × (0, 1) are isotopic outside ρ−1(C′). This gives rise to a product
structure between ∂ρ−1i (C
′) and the boundary of C(Mi).
On the other hand, since Mi is convex cocompact (note that Mi does not have
parabolic elements in this case (2)), Mi \ C(Mi) has a product structure homeo-
morphic to ∂C ×R, where ∂C(Mi)×{−∞} is identified with ∂C(Mi). By pasting
these product structures, we get a product structure of the complement of ρ−1i (C
′).
Therefore ρ−1i (C
′) is an adequate compact core for large i. 
We isotope Φ so that Φ(C) = C′, where C′ is enlarged as above.
Now, let gi : (∂C,mi) → Mi be a pleated surface homotopic to Φi|∂C realising
µ ∪ C1.
Lemma 6.16. The diameters of the pleated surfaces gi modulo the ǫ-Margulis tubes
are bounded above by a constant depending only on ǫ. Furthermore the distance
between ρ−1i (C
′) and gi(∂C) goes to infinity as i→∞.
Proof. Suppose, seeking a contradiction, that the diameters of the gi modulo the ǫ-
Margulis tubes are not uniformly bounded. Then, by the same argument as before,
there is a simple closed curve di on ∂C \ C1 whose length with respect to mi goes
to 0 such that gi(di) is null-homotopic. Since µ is contained in the Masur domain
of Σ = ∂C \C1, it must intersect a measured lamination λ to whose projective class
[di] converges in PML(Σ). Since the length of di with respect to mi goes to 0, the
same argument as in Lemma 6.2 implies that the length of µ with respect to mi
goes to infinity. On the other hand, the length of µ with respect to νi, which was
defined in Definition 3.2, is bounded. Recall that every meridian on ∂C intersects
µ∪C1; hence its length with respect to νi goes to∞. Then by the result of Canary
[16], the length of gi(µ) in Mi is bounded as i → ∞. This is a contradiction, and
we have shown the first statement.
We shall next show the second statement of our lemma. As was shown in the
proof of Lemma 6.2, the image gi(µ) cannot go into ǫi-Margulis tubes with ǫi →
0. If the image of gi stays within bounded distance from ρ
−1
i (C
′), it converges
geometrically to a pleated surface realising µ in MΓ since {φi(G)} converges to Γ
strongly. This contradicts Lemma 6.2. Therefore the distance between ρ−1i (C
′) and
gi(∂C) goes to infinity as i→∞. 
This lemma implies in particular that for sufficiently large i, the image of gi is
contained in the complement Ui of ρ
−1
i (C
′), which has a product structure homeo-
morphic to ∂C × (0,∞) by Lemma 6.15.
Lemma 6.17. The pleated surface gi is incompressible outside ρ
−1
i (C
′).
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r
σ
π  i ◦ gi
Figure 2. The image of a lamination in D(C) passes through
every point of σ. Each self-intersection of πi ◦ gi(σ) contributes η2
to i((πi ◦ gi)∗(µ ∪ C1), (πi ◦ gi)∗(µ ∪C1)).
Proof. Suppose that gi is compressible in the complement of ρ
−1
i (C
′), which has
a product structure by Lemma 6.15 as Ui ∼= ∂C × (0,∞) ⊂ Mi. Then we can
extend gi to a map from a compression body whose exterior boundary is identified
with ∂C, as can be seen by homotoping the map into ∂C × {pt.} and using the
simple loop conjecture proved by Gabai [25]. Since ∂C′ × (0,∞) does not contain
an immersed incompressible surface with genus less than that of ∂C′ ∼= ∂C, this
compression body must be a handlebody, hence can be identified with C. (Since
gi is homotopic to Φi|C, any compression of gi can be done within C.) Since the
compression can be performed in any ∂C′ × [a, b] containing the image of gi, there
is an extension gˆi : C →Mi of gi whose image has distance from ρ−1i (C′) going to
∞. Let σ be a spine of C, i.e. a one-complex which is a deformation retract of C.
Note that there is a retraction r : C → σ such that for each non-vertex point x in
σ, its preimage r−1(x) is a meridian of C. By Lemma 6.15, we can consider the
projection πi of U¯i ∼= ∂C′ × [0,∞) to ∂ρ−1i (C′). We also consider the projection of
µ∪C1 under r. The transverse measure of µ∪C1 defines a weight for each point of
σ. Since each non-vertex point of σ corresponds to a meridian on ∂C and µ∪C1 is
contained in D(C), the image r(µ∪C1) passes through every point of σ with weight
bounded below by a positive constant η. Therefore, if πi ◦ gˆi(σ) has an essential
self-intersection, then i((πi ◦ gi)∗(µ ∪C1), (πi ◦ gi)∗(µ ∪ C1)) ≥ η2. See Figure 6.6.
We shall prove that πi ◦ gˆi(σ) has no self-intersection, hence is embedded. For
that, we shall show that the homotopy class of ρi◦πi◦ gˆi is independent of i for large
i. We extend the conformal structures νi defined in Definition 3.2 to a continuous
family νt for t ∈ [1,∞) such that νt escapes from any compact set of T (∂C) and the
length of µ∪C1 with respect to νt is bounded as t→∞. For each t ∈ [i, i+1] with
i ∈ N, let (Gt, φt) ∈ AH(G) be the convex cocompact Kleinian group corresponding
to q(νt), and set Mt to be MGt with homeomorphism Φt : MG → Mt induced
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from φt. Now, we shall show the existence of a homeomorphism Φ¯t : MG → Mt
homotopic to Φt which has good properties as follows.
Claim 6.18. For each t ∈ [1,∞), there is a homeomorphism Φ¯t : MG → Mt
homotopic to Φt with the following properties.
(i) The diameters of Φ¯t(C) are bounded by a constant independent of t.
(ii) When t is an integer i, we have Φ¯i|C = ρ−1i ◦ Φ|C.
(iii) As t→ t0 in [1,∞), the homeomorphism Φ¯t converges to Φ¯t0 geometrically.
Proof. We can take C to be an adequate compact core. We fix a homotopy class
of simple closed curve b in M(Σ). Then it is obvious that C1 ∪ b is “disc-busting”
in Canary’s sense, i.e. intersects any compressing disc of C essentially. When we
consider a branched covering pt : M˜t →Mt, its branching locus is always assumed
to be the closed geodesic (or its perturbation if the closed geodesic is not simple)
homotopic to Φt(b). We take branched coverings which vary continuously with t
in the geometric topology. Let Dt be the infimum of the diameters of all compact
cores in Mt that are adequate with respect to pt. We shall first show that Dt is
bounded from above by a constant independent of t.
Suppose, seeking a contradiction, that Dt is not bounded. Let {tj} be any
monotone increasing sequence in [1,∞) such that Dtj → ∞. Then by applying
our result for {φi} in the previous section, regarding φtj as φi, we see that there
is a subsequence {t′j} of {tj} such that (Gt′j , φt′j ) converges to (Γ′, φ′), which is
either a convex cocompact group or a geometrically infinite group. If Γ′ is convex
cocompact, then {t′j} is bounded in [1,∞), Γ′ = Glim tj , and the convergence is
strong. If Γ′ is geometrically infinite, then t′j goes to ∞, and we can apply what
we proved for Γ up to now in this section. In particular, Lemma 6.14 implies that
the convergence to Γ′ is strong.
Set M ′ = H3/Γ′. Let ρ¯t′
j
: Bri(Mt′j , xt′j ) → BKiri(M ′, x′∞) be an approximate
isometry associated to the geometric convergence of Mt′
j
to M ′. (We put a bar on
ρ to distinguish it from the approximate isometries associated to the convergence
of Mi to MΓ.) Take an adequate compact core (C¯, P¯ ) of (M
′)0. Suppose first
that M ′ is convex cocompact. Then Mtj is quasi-isometric to M
′ and ρt′
j
can
be defined on the entire Mtj as a bi-Lipschitz homeomorphism. We consider the
branched covering of M ′ branched along the closed geodesic homotopic to Φ′(b) or
its perturbation as usual. Then ρ¯−1t′
j
(C¯) is also an adequate compact core for large
j since ρ¯t′
j
is a homeomorphism defined on the entire Mtj and branching loci move
continuously in the geometric topology. This shows that (Mtj )0 has an adequate
core with diameter less than Dtj for large j, contradicting the definition of Dtj .
We shall next show that Φ′(b) does not represent a parabolic class, whether
Γ′ is convex cocompact or geometrically infinite. We can assume that Φ′|C is a
homeomorphism to C¯ since both of them are handlebodies. Suppose, seeking a
contradiction, that Φ′(b) represents a parabolic class. Then, we can assume that
Φ′(b) ⊂ P¯ . Since C1 ∪ b is disc-busting, the complement F¯ of Φ′(b ∪ C1)(⊂ P¯ ) in
∂C¯ is incompressible in C¯. Also by applying Lemma 6.11 to Γ′, we see that there is
only one end of (M ′)0. Since this end faces an essential subsurface of F¯ or F¯ itself,
which is the incompressible frontier of C¯ in (M ′)0, by Bonahon’s theorem, every
unrealisable lamination is homotopic to the ending lamination. Therefore Φ′(µ)
must be homotopic to a measured lamination in ∂C \ (C1 ∪ b), which represents
the ending lamination. By the same argument as in the proof of Lemma 6.12, by
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comparing the complementary regions of µ and a measured lamination in ∂C \
(C1 ∪ b), we see that this is impossible. Thus we have shown that Φ′(b) cannot
represent a parabolic class, and also that we can consider the branching covering of
M ′ branched along the closed geodesic homotopic to Φ′(b) or its perturbation even
when Γ′ is geometrically infinite.
Now, in the case when Γ′ is geometrically infinite, Lemma 6.15 tells us that we
can enlarge C¯ so that ρ¯−1t′
j
(C¯) is an adequate compact core for large j. This shows
that Mt′
j
contains an adequate compact core whose diameter is less than Dt′
j
for
large j, which is a contradiction.
Thus we have proved that Dt is uniformly bounded from above, whether Γ
′ is
geometrically infinite or not. We have also shown above that there is a positive
lower bound ξ for the lengths of the closed geodesics homotopic to the Φt(b). Let
D be a constant which bounds from above both the Dt + 1 for all t ∈ [1,∞) and
the diameters of C′ and the ρ−1i (C
′).
Next, we shall show that there is a constant E independent of t such thatMt has
an adequate compact core Cˆt with diameter less than 2D whose 4D-neighbourhood
can be isotoped into Cˆt passing only the E-neighbourhood of Cˆt. Suppose, seeking
a contradiction, that such E does not exist. Then, there is monotone increasing
sequence {tj} in [1,∞) such that any adequate compact core Cˆtj of Mtj with
diameter less than 2D has 4D-neighbourhood which cannot be isotoped into Cˆtj
within the Ej-neighbourhood of Cˆtj , where Ej goes to ∞ as j → ∞. As before,
after passing to a subsequence, {(Gtj , φtj )} converges strongly to (Γ′, φ′) which
is either convex cocompact or geometrically infinite, and (M ′)0 has an adequate
compact core C¯. By the same argument as above, we can enlarge C¯ so that for
sufficiently large j, the submanifold ρ¯−1tj (C¯) is an adequate compact core of Mtj .
We can choose such an enlarged adequate compact core to have diameter bounded
by D by our definition of D. Since C¯ is an adequate compact core in (M ′)0, there is
a constant E′ such that the 5D-neighbourhood of C¯ can be isotoped into C¯ passing
only the E′-neighbourhood of C¯. Pulling this back to Mtj for large j, we see that
the 4D-neighbourhood of ρ¯−1tj (C¯) can be isotoped into ρ
−1
tj (C¯) passing only the
2E′-neighbourhood of ρ¯−1tj (C¯). Since the diameter of C¯ is bounded by D, we see
that the diameter of ρ¯−1tj (C¯) is less than 2D for large j. Since Ej is greater than
2E′ for large j, this is a contradiction. Thus we have proved the existence of E as
above.
For D as was given above, we take K0 ∈ (1, 2] so that for any K ≤ K0 and
any K-bi-Lipschitz homeomorphism f : N → N ′ between hyperbolic 3-manifolds,
if a closed geodesic c in N has length greater than ξ, which was defined to be a
lower bound for the lengths of the closed geodesics homotopic to the Φt(b), then
f(c) is contained in the D-neighbourhood of the closed geodesic homotopic to f(c).
The existence of such K0 follows easily from the well-known properties of quasi-
geodesics.
Now, for each i ∈ N, we subdivide [i, i + 1] into intervals i = s0 < s1 < · · · <
sm−1 < sm = i+ 1 in such a way that for any t, t
′ ∈ [sj , sj+1], the quasi-conformal
deformation from (Gt, φt) to (Gt′ , φt′) induces (by extending quasi-conformal maps
to quasi-isometries in H3 in the standard way) a (K0)
1/2-bi-Lipschitz homeomor-
phism Ψt,t′ from Mt to Mt′ which is homotopic to Φt′ ◦Φ−1t . (The number m may
depend on i.) Since {(Gt, φt)} is a family of quasi-conformal deformations which is
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continuous with respect to the parameter t, any subdivision whose maximal width
is sufficiently small serves as a subdivision as above. Now for each sj (j 6= 0,m),
we define C¯sj to be an adequate compact core of Msjwhose diameter is less than
Dsj + 1, which is guaranteed to exist by our definition of Dt. For j = 0,m, we
define C¯sj to be ρ
−1
i (C
′) and ρ−1i+1(C
′) respectively. We define Φ¯sj |C to be a home-
omorphism from C to C¯sj homotopic in Msj to Φsj |C. In the case when j = 0,m
we choose the homeomorphism to be ρ−1i ◦Φ. Since both C and C¯sj are adequate,
their complements have product structures and we can extend Φ¯sj |C to a homeo-
morphism Φ¯sj : MG → Msj . Then we see that the diameter of Φ¯t(C) is bounded
by D for t = s0, . . . , sm, and (ii) in our claim holds for Φ¯t defined thus far (i.e.
when t is a subdividing point).
We need to extend the family of homeomorphisms to all the parameters t ∈
[1,∞). Now we further subdivide [sj , sj+1] into three subintervals of the same
length, [sj , s
′
j ], [s
′
j , s
′′
j ] and [s
′′
j , sj+1]. We consider a (K0)
1/2-bi-Lipschitz homeo-
morphism Ψsj ,t for t ∈ [s′j−1, s′j ]. Since this bi-Lipschitz homeomorphism Ψsj,t
is induced from a quasi-conformal deformation from (Gsj , φsj ) to (Gt, φt), we can
assume that it varies continuously with respect to t in the geometric topology, and
Ψsj ,t converges to the identity geometrically as t→ sj . For each t ∈ [sj , s′j ], we de-
fine Φ¯t to be Ψsj ,t◦Φ¯sj , and for each t ∈ [s′′j , sj+1], we define Φ¯t to be Ψsj+1,t◦Φ¯sj+1 .
Now, we shall fill the gap between Φ¯s′
j
and Φ¯s′′
j
.
Since both C¯sj and C¯sj+1 have diameters bounded by D, the compact cores
Φ¯s′
j
(C) and Ψsj+1,s′j ◦ Φ¯sj+1 (C) have diameters bounded by 2D (because K
1/2
0 ≤√
2 < 2). Moreover, since C¯sj contains the closed geodesic b
∗
sj homotopic to
Φsj (b), and Ψsj ,s′j is (K
1/2
0 -, hence also) K0-bi-Lipschitz, Φ¯s′j (C), which contains
Ψsj ,s′j (b
∗
sj ), is within distance D from any point on the closed geodesic homotopic
to Φs′
j
(b). By considering the same for Ψsj+1,s′j ◦ Φ¯sj+1 (C) = Ψsj+1,s′j (C¯sj+1 ), we
see that Ψsj+1,s′j ◦ Φ¯sj+1(C) is within distance 2D from Φ¯s′j (C), hence is contained
in the 4D-neighbourhood of Φ¯s′
j
(C). By our definition of E, there is an isotopy
taking Ψsj+1,s′j ◦ Φ¯sj+1(C) into Φ¯s′j (C) which passes only the E-neighbourhood of
Φ¯s′
j
(C). Since the complement of C has a product structure, we can extend this
isotopy to an isotopy H : MG × [s′j , s′′j ] → Ms′j such that each H( , t) is a home-
omorphism to Ms′
j
, H( , s′j) = Φ¯s′j , H( , s
′′
j ) = Ψsj+1,s′j ◦ Φ¯sj+1 , and H(C, t) is
contained in the E-neighbourhood of Φ¯s′
j
(C). Now, for t ∈ [s′j , s′′j ], we define Φ¯t to
be Ψsj+1,t◦Ψ−1sj+1,s′j ◦H( , t). Since Ψsj+1,t◦Ψ
−1
sj+1,s′j
is K0-bi-Lipschitz with K0 ≤ 2,
we see that Φ¯t(C) has diameter bounded by 2(2D + E). Thus we have completed
the definition of Φ¯t, which have the properties (i) and (ii). The continuity with
respect to the geometric topology is obvious from our definition of Φ¯t. 
Now we return to the proof of Lemma 6.17. Let gt : ∂C → Mt be a pleated
surface homotopic to Φt which realises µ ∪ C1. Since the length of µ with respect
to νt is bounded as t → ∞ and C1 ∪ µ intersects every compressing curve, by the
same argument as for gi, we see the length of gt(µ) is bounded as t → ∞. Since
the diameter of Φ¯t(C) is bounded as t→∞ by Claim 6.18, by the same argument
as for gi, it follows that the surface gt(∂C) is disjoint from Φ¯t(C) for large t. Note
that both gt(µ) and Φ¯t vary continuously with respect to the geometric topology.
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Let Ut ∼= ∂C × (0,∞) be a parametrisation of the complement of Φ¯t(C). Let
πt : Mt → ∂Φ¯t(C) be the projection to the first factor in U¯t ∼= ∂C × [0,∞), where
we identify ∂C × {0} with Φ¯t(∂C). Since the parametrisation and the projection
are unique up to homotopy, we can assume that Ut and πt vary continuously with
respect to the geometric topology. Since gt(∂C) never touches Φ¯t(C), this implies
that the homotopy class of Φ¯−1t ◦ πt ◦ gt is independent of t. Recall that ρ−1i |C′ =
Φ¯i ◦ Φ−1|C′ for every i ∈ N. Therefore for i ∈ N, we see that the homotopy class
of ρi ◦ πi ◦ gi as a map from ∂C to ∂C′ is independent of i. Let p : ∂C → ∂C′ be
a map homotopic to these maps. If πi ◦ gi(σ) has essential self-intersection, then
i(p∗(µ ∪ C1), p∗(µ ∪ C1)) ≥ η2 for a positive constant η independent of i as was
shown before.
Take a sequence of weighted simple closed curves {rkck} on Σ = ∂C \P converg-
ing to µ. By taking a subsequence of {rkck}, we can assume that for each i, there
is a pleated surface g′i : ∂C →Mi realising C1 ∪ ci which is homotopic to gi in Ui,
whose diameter modulo the ǫ-Margulis tubes is bounded as i→∞. We can extend
g′i to gˆ
′
i : C → Mi by the same way as for gi. By Lemma 6.10, there is a sequence
of weighted simple closed curves RkCk on ∂C \P converging to µ′ with i(µ, µ′) = 0
such that i(Riπi ◦ g′i(Ci), Riπi ◦ g′i(Ci)) → 0. Since g′i is homotopic to gi in Ui,
we get i(Rip(Ci), Rip(Ci)) → 0, which implies i(p∗(µ′), p∗(µ′)) = 0, hence also
i(p∗(µ), p∗(µ)) = 0. Since πi◦g′i(Ci) is disjoint from Φi(C1) as was shown in Lemma
6.10, we have i(p∗(µ
′), p(C1)) = 0. These show that i(p∗(µ ∪C1), p∗(µ ∪C1)) = 0.
Thus σ can be embedded on ∂C′ by p if we move p by a homotopy on ∂C′.
We have also shown that p∗(µ), regarded as a geodesic current, is actually a
measured lamination on ∂C′ \ P ′ since it has null-self-intersection. On the other
hand since p|σ is embedding, p∗(µ) has a large complementary region, which is
contained in ∂C′ \ (P ′ ∪ p(σ)). Then by the same argument as in the proof of
Lemma 6.12 considering the correspondence between the complementary regions
of p∗(µ) and a measured lamination representing the ending lamination for the
unique end of (MΓ)0, we reach a contradiction. Thus, we have shown that gi is
incompressible in Ui ∼= ∂C × (0,∞). 
Since gi is incompressible in Ui ∼= ∂C × (0,∞), we see that πi ◦ gi is homotopic
a homeomorphism from ∂C to ∂C¯i = ρ
−1
i (∂C
′). As was shown above, the maps
ρi ◦ πi ◦ gi are all homotopic, which we denote by h : ∂C → ∂C′. Note that h
is homotopic in C′ to Φ|∂C, hence can be extended to a homeomorphism from
C to C′. Also since gi maps C
1 into Margulis tubes converging geometrically to
cusps in MΓ, we can assume that h(P ) = P
′. Take a weighted simple closed
curve {skdk} on ∂C′ \ P ′ converging to a measured lamination λ representing the
ending lamination of the unique end of (MΓ)0 such that the closed geodesic d
∗
k
homotopic to dk in U ∼= (∂C′ \ P ′)× [0,∞) tends to the end. Recall that we have
a sequence of weighted simple closed curves {rkck} converging to µ with a pleated
surface g′i realising ci ∪ C1 in Mi. Then by Lemma 6.10, we have sequences of
simple closed curves Ck on ∂C \ P and Dk on ∂C′ \ P ′ such that [Ck] converges
to [µ′] with i(µ, µ′) = 0 and [Dk] converges to [λ
′] with i(λ, λ′) = 0, and we have
i(
πi ◦ g′i(Ci)
length(πi ◦ g′i(Ci))
,
ρ−1i (Di)
length(ρ−1i (Di))
) → 0. By pushing this forward by ρi, we
get i(
h(Ci)
length(h(Ci))
,
Di
length(Di)
) → 0, hence i(h(µ′), λ′) = 0. Since both µ and
λ are arational, µ′ has the same support as µ, and λ′ has the same one as λ. It
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follows that h(µ) has the same support as λ. Since h extends to a homeomorphism
from C to C′ taking P to P ′ as was shown above, we have completed the proof of
Proposition 6.5 in the case (2). Combining Lemma 6.9 with this, we have completed
the proof of Proposition 6.5. 
7. Proof of the main theorem
We shall complete the proof of Theorem 1.2 in this section. By Proposition 6.5,
we have shown that Φ can be homotoped so that Φ|P is an embedding into P ′ and
Φ|Σj is a homeomorphism to a component of ∂C′\P ′ for j = n+1, . . . ,m such that
Φ|µj represents the ending lamination for the end facing the component, which is
topologically tame. It remains to deal with Φ|Σj for j = 1, . . . , n.
Let Σ be one of the Σj for j = 1, . . . , n. Let Sk be the boundary component of
C containing Σ, and H a subgroup of G corresponding to the image of π1(Sk). Let
HΣ denote a subgroup of H corresponding to the image of π1(Σ) in π1(C) ∼= G.
Then by the same argument as the proof of Lemma 6.6 using the result of Abikoff,
we see that there are an open subset Ω′ of ΩΓ invariant under φ(H
Σ), and a frontier
component of the convex core of (MΓ)0 facing Ω
′/φ(HΣ). Since C′ is a nice compact
core, there is a component of ∂C′ \P ′ ambient isotopic to this frontier component.
Therefore the surface Φ|Σ is homotoped to this component of ∂C′ \ P ′ keeping
Φ(FrΣ) in P ′. Repeating this argument for every one of the Σj (j = 1, . . . , n), and
combining it with Proposition 6.5, we see that Φ is homotopic to a homeomorphism
from C to C′, hence fromMG toMΓ, by Waldhausen’s theorem [66]. Moreover, the
ends of (MΓ)0 facing these components Σ1, . . . ,Σn are geometrically finite and have
conformal structure at infinity m1, . . . ,mn. This completes the proof of Theorem
1.2.
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